THE TRACIAL ROKHLIN PROPERTY FOR ACTIONS OF 
FINITE GROUPS ON C*-ALGEBRAS 



N. CHRISTOPHER PHILLIPS 



Abstract. We define "tracial" analogs of tlie Rokhlin property for actions of 
finite groups, approximate representability of actions of finite abeUan groups, 
and of approximate innerness. We prove the following four analogs of related 
"nontracial" results. 

• The crossed product of an infinite dimensional simple separable unital 
C*-algebra with tracial rank zero by an action of a finite group with the 
tracial Rokhlin property again has tracial rank zero. 

• An outer action of a finite abelian group on an infinite dimensional sim- 
ple separable unital C*-algebra has the tracial Rokhlin property if and 
only if its dual is tracially approximately representable, and is tracially 
approximately representable if and only if its dual has the tracial Rokhlin 
property. 

• If a strongly tracially approximately inner action of a finite cyclic group 
on an infinite dimensional simple separable unital C*-algebra has the 
tracial Rokhlin property, then it is tracially approximately representable. 

• An automorphism of an infinite dimensional simple separable unital C*- 
algebra A with tracial rank zero is tracially approximately inner if and 
only if it is the identity on Ko{A) mod infinitesimals. 



0. Introduction 

Tracially AF C*-algebras, now known as C*-algebras with tracial rank zero, 
were introduced in Roughly speaking, a C*-algebra has tracial rank zero if 

the local approximation characterization of AF algebras holds after cutting out a 
"small" approximately central projection. The term "tracial" comes from the fact 
that, in good cases, a projection p is "small" if r(p) < e for every tracial state r 
on A. The classification ^\ of simple separable nuclear C*-algebras with tracial 
rank zero and satisfying the Universal Coefficient Theorem can be regarded as a 
vast generalization of the classification of AF algebras. This success suggests that 
one consider "tracial" versions of other C*-algebra concepts. 

In this paper, motivated by applications to particular crossed products (see 
and 0), we formulate and prove "tracial" versions of the following theorems: 

• The crossed product of an AF algebra by an action of a finite group with 
the Rokhlin property is again AF (Theorem [^J. 

• An action of a finite abelian group on a unital C*-algebra has the Rokhlin 
property if and only if its dual is approximately representable, and is ap- 
proximately representable if and only if its dual has the Rokhlin property. 
(Lemma 3.8 of [E]). 
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• If an approximately inner aetion of a finite cycHc group on a unital C*- 
algebra has the Rokhhn property, then it is approximately representable 
(Proposition 14. 1|) . 

• An automorphism of an AF algebra A is approximately inner if and only if 
it is the identity on Ko{A) (part of Theorem 3.1 of [2]). 

Our results are: 

• The crossed product of an infinite dimensional simple separable unital C*- 
algebra with tracial rank zero by an action of a finite group with the tracial 
Rokhlin property again has tracial rank zero fTheorem l2.6|l . 

• An outer action of a finite abelian group on an infinite dimensional simple 
separable unital C*-algebra has the tracial Rokhlin property if and only if 
its dual is tracially approximately representable, and is tracially approxi- 
mately representable if and only if its dual has the tracial Rokhlin property 
(Theorem EUJ. 

• If a strongly tracially approximately inner action of a finite cyclic group on 
an infinite dimensional simple separable unital C*-algebra has the tracial 
Rokhlin property, then it is tracially approximately representable (Theo- 
rem I4.6|l . 

• An automorphism of an infinite dimensional simple separable unital C*- 
algebra A with tracial rank zero is tracially approximately inner if and 
only if it is the identity on Ko{A) mod infinitesimals fTheorem l6.4(l . 

The first three of these results were chosen because they are used in the proof 
that every simple higher dimensional noncommutative torus is an AT algebra. (We 
have not found the "nontracial" versions of the first and third results in the lit- 
erature. Therefore they are also proved in this paper.) The last is related to our 
effort to find the "right" definition of a tracially approximately inner automorphism. 
Annoyingly, the strongly tracially approximately inner automorphisms (as in the 
third result) probably don't form a group. On the other hand, an automorphism 
of an infinite dimensional simple separable unital C*-algebra with tracial rank zero 
which is tracially approximately inner and has finite order must in fact be strongly 
tracially approximately inner. (Combine Proposition 16 . 21 and Theorem 16. fil l 

In retrospect, the following motivation is perhaps better. In JHI and Izumi 
has started an intensive study of finite group actions with the Rokhlin property, 
which, to minimize confusion, we call here the strict Rokhlin property. The strict 
Rokhlin property imposes severe restrictions on the relation between the K-theory 
of the original algebra, the action of the group on this K-theory, and the K-theory 
of the crossed product. See especially Section 3 of ^Jj. Since actions with the strict 
Rokhlin property are so rare, a less restrictive version of the Rokhlin property is 
needed. We give some examples; in them, we write Z„ for IjnL. 

• The flip action of Z2 on A® A, for an infinite dimensional simple separable 
unital C*-algebra A, often has the tracial Rokhlin property, but probably 
almost never has the strict Rokhlin property. See |21) . 

• Let A be a simple higher dimensional noncommutative torus, with standard 
unitary generators ui, U2, • • ■ , "d- Consider the automorphism which sends 
Mfe to exp(27ri/n)ufe, and fixes itj for j ^ k. This automorphism generates 
an action of Z„ which has the tracial Rokhlin property, but for n > 1 
never has strict Rokhlin property. The fact that this action has the tracial 
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Rokhlin property plays a key role in the classification of simple higher 
dimensional noncommutative toruses. 

• Again let A be a simple higher dimensional noncommutative torus, with 
standard unitary generators mi, U2, . . . , Ud- The flip automorphism i— > u^. 
generates an action of Z2 which has the tracial Rokhlin property, but never 
has the strict Rokhlin property. See 7._^, where this fact is used to prove 
that the crossed product by the flip action is always AF. 

• The standard actions of Z3, Z4, and Zg on an irrational rotation algebra 
all have the tracial Rokhlin property, but never have the strict Rokhlin 
property. In , this is used to prove that the crossed products are always 
AF algebras. 

Of course, one can't expect classification results for actions of the kind found in ^U] 
and [m. 

This paper is devoted to the general theory. In |25 , we give several useful criteria 
for the tracial Rokhlin property, and we give a number of examples of actions of 
Z2 on C*-algebras with tracial rank zero (mostly AF algebras) which do and do 
not have the tracial Rokhlin property, and are or are not tracially approximately 
representable. Further examples, and results for C*-algebras with finite but nonzero 
tracial rank, will appear in |21j . The main applications, already mentioned above, 
are in and 0. We also point out that the tracial Rokhlin property has a 
generalization to integer actions, considered in and with applications given 
in |2U| . Presumably there is a useful generalization to other countable amenable 
groups. 

This paper replaces Sections 1 through 4 and Section 11 of the unpublished 
long preprint [221 • The material of Sections 5 through 7 there will appear in 
a greatly improved version of Sections 8 through 10 will appear in [J], and an 
improved and expanded version of the material in Sections 12 and 13 will appear 
in 123. We give the theory for actions of finite groups, or of finite abelian groups, as 
appropriate; in )22| . only finite cyclic groups were considered. The definition of the 
tracial Rokhlin property given here differs slightly from that in [22]; see Remark ll.^l 
and the following discussion for details. There is no difference for actions on simple 
unital C*-algebras with tracial rank zero. The definition of tracial approximate 
innerness fPefinition 15. 1|) has been greatly improved; more automorphisms satisfy 
the condition than satisfied the condition in |22| . and with the new definition the 
tracially approximately inner automorphisms form a group. (See Theorem 15. 81 1 A 
variant of the original definition appears in Definition 14.21 here, where the condition 
is called strong tracial approximate innerness. The material in Sectional on tracial 
approximate representability is mostly new, although it was motivated by one of 
the key results in [221 and its parallel with Lemma 3.8 of |10| . 

This paper is organized as follows. In Section^we introduce the tracial Rokhlin 
property and prove some basic properties. Some of the lemmas will be used repeat- 
edly in connection with the tracial versions of other properties. Section [21 contains 
the proofs that the crossed product of an AF algebra by an action of a finite group 
with the Rokhlin property is again AF, and that the crossed product of an infi- 
nite dimensional simple separable unital C*-algebra with tracial rank zero by an 
action of a finite group with the tracial Rokhlin property again has tracial rank 
zero. In Section |3| we treat tracial approximate representability for actions of fi- 
nite abelian groups, and prove the duality between this property and the tracial 
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Rokhlin property, corresponding to Lemma 3.8 of ;10. . In Section 0] we introduce 
strongly tracially approximately inner automorphism, and prove that if a strongly 
tracially approximately inner action of a finite cyclic group on an infinite dimen- 
sional simple separable unital C*-algebra has the tracial Rokhlin property, then it 
is tracially approximately representable. We also prove the "nontracial" analog of 
this result. Sections and El treat tracially approximately inner automorphisms. 
We show that they form a group. We prove that they act trivially on the tracial 
state space and on Kq mod infinitesimals, and give a converse when the algebra is 
simple with tracial rank zero. We also prove that if the the algebra is simple with 
tracial rank zero, then a tracially approximately inner automorphism of finite order 
is necessarily strongly tracially approximately inner. 

We use the following notation. We write p q to mean that the projection p 
is Murray-von Neumann equivalent to a subprojection of q, and p q to mean 
that p is Murray-von Neumann equivalent to q. Also, [a, b] denotes the additive 
commutator ab — ba. If ^ is a C*-algebra and a: G ^ Aut(yl) is a group action, 
we write A" for the fixed point algebra. 

In most arguments dealing with an arbitrary finite subset _F of a C*-algebra, we 
will normalize and assume that all elements of F have norm at most 1. 

We are grateful to Hanfeng Li for valuable comments, and to Hiroyuki Osaka for 
a careful reading and suggesting improvements to several of the proofs. We are also 
grateful to Dawn Ashley for catching a number of misprints and minor mistakes. 



1. The tracial Rokhlin property 

In this section we introduce the tracial Rokhlin property. We observe several 
elementary relations and consequences, and we prove several useful equivalent for- 
mulations. Some of the technical lemmas will be repeatedly used in connection 
with other "tracial" properties. 

We begin with Izumi's definition of the Rokhlin property. To emphasize the 
difference, we call it the strict Rokhlin property here. 

Definition 1.1. Let ^ be a separable unital C*-algebra, and let a: G Aut{A) 
be an action of a finite group G on A. We say that a has the strict Rokhlin property 
if for every finite set F C A, and every £ > 0, there are mutually orthogonal 
projections Cg € A for g ^ G such that: 

(1) ||ag(e;,) - eghW < e for aU g,h G G. 

(2) \\ega — aCgW < e for all 5 G G and all a € F. 

(3) EgeG^a = 1- 

Izumi's definition (Definition 3.1 of 10 ) is actually in terms of central sequences. 
Thus, it yields not mutually orthogonal projections but elements bg Cz A such that 

< e for g,h ^ G, such that ||6* — bg\\ < e for g £ G, and such that 

< e. However, with n = card(G), using scmiprojectivity of C" (see 

Lemma 14.1.5, Theorem 14.2.1, Theorem 14.1.4, and Definition 14.1.1 of (TBI) and 
a suitably smaller choice of e, one easily sees that the definition above is equivalent 
to Definition 3.1 of [El. 

If a is approximately inner, requiring J^g^G^a ~ ^ forces [1a] S ^o(^) to be 
divisible by the order of G, and therefore rules out many C*-algebras of interest. 
In fact, the strict Rokhlin property imposes much more stringent conditions on the 
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K-thcory. Theorem 3.3 and Lemma 3.2(1) of 11 show that if a nontrivial finite 
group G acts on a simple miital C*-algebra A in such a way that the induced action 
on K^,{A) is trivial, and if one of Kq{A) and Ki{A) is a nonzero free abelian group, 
then a does not have the strict Rokhlin property. Theorem 3.3 and the discussion 
preceding Theorem 3.4 of |11| show that if in addition G is cyclic of order n, then 
the strict Rokhlin property implies that K<,{A) is uniquely n-divisible. It follows 
that the actions considered in our main applications (to simple higher dimensional 
noncommutative toruses j23| and irrational rotation algebras |7]) never have the 
strict Rokhlin property. 

We now give the definition of the tracial Rokhlin property. The difference is that 
we do not require that X^geG ^ 1' '^i^ly that 1 — X^gGG "small" in a tracial 

sense. Of course, X^gec eg = 1 is allowed, in which case Conditions Q and Q in 
the definition are vacuous. 

Definition 1.2. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a: G Aut(A) be an action of a finite group G on A. We say 
that a has the tracial Rokhlin property if for every finite set F <Z A, every e > 0, 
and every positive element x ^ A with ||a;|| = 1, there are mutually orthogonal 
projections eg ^ A for g £ G such that: 

(1) \\ag{eh) ~ egh\\ < e for all g,h € G. 

(2) Ijegfl — aegll < e for all 5 € G and all a £ F. 

(3) With e = EgeG projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

(4) With e as in Q, we have ||ea;e|| > 1 — e. 

Remark 1.3. Our original definition, in j^, in addition specified a positive integer 
N, and required the following condition instead of l@J: 

(4') For every g £ G, there are N mutually orthogonal projections fi, f2, ■ ■ ■ , In < 
ej , each of which is Murray- von Neumann equivalent to the projection 1 — e 
of 0. 

As we will see in Lemma 11.161 below, when A is finite. Condition in Defi- 
nition is unnecessary. When A has finite tracial topological rank in the sense 
of jJS], it is not hard to see that Definition 11.21 implies the definition in Remark 1 1.31 
In general, the situation is less clear, and it might be necessary to use both Con- 
dition Q and Condition (4'), especially for nonsimple C*-algebras. We postpone 
further discussion to Section 4 of |24j . 

Remark 1.4. If an action of a finite group G on an infinite dimensional simple 
separable unital C*-algebra A has the strict Rokhlin property, then it has the tracial 
Rokhlin property. 

Lemma 1.5. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a : G — > Aut(A) be an action of a finite group G on A which has the tracial 
Rokhlin property. Then ag is outer for every g G G \ {1}. 

Proof. Let g G G\ {1} and let it G A be unitary. We prove that ag ^ Ad(M). Apply 
Definition 11.21 with F — {u}, with e — ^, and with x = 1. Then ei and eg are 
orthogonal nonzero projections, so 

||ag(ei) - ueiu*|| > \\eg - ei|| - ||ag(ei) - e^H - ||ueiM* - ei|| > 0. 

Therefore ag ^ Ad(M). I 



6 



N. CHRISTOPHER PHILLIPS 



Corollary 1.6. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a: G Aut(yl) be an action of a finite group G on A which, 
has the tracial Rokhlin property. Then C* (G, A, a) is simple. 

Proof. In view of Lemma ll. 51 this follows from Theorem 3.1 of 113] . I 

For the tracial Rokhlin property to be likely to hold, the C*-algebra must have 
a reasonable number of projections. For reference, we recall here the definition of 
the property that seems most relevant. 

Definition 1.7. Let ^ be a C*-algebra. We say that A has Property (SP) if every 
nonzero hereditary subalgebra in A contains a nonzero projection. 

We state here some results about simple C*-algebras with Property (SP) that 
will be used repeatedly in this paper. 

Lemma 1.8. Let A be a C*-algebra, and let c e A. Then for any projection 
p e cAc* , there exists a projection q G c*Ac such that p ^ q. 

Proof. This is essentially in Section 1 of The details can be found in the proof 
of Lemma 4.1 of ^^l- I 

The following lemma is essentially Lemma 3.1 of T^, but no proof is given there. 

Lemma 1.9. Let A be a simple C*-algebra with Property (SP). Let B C A he a 

nonzero hereditary subalgebra, and let p £ A be a nonzero projection. Then there 
is a nonzero projection q £ B such that q ^ p. 

Proof. Choose a nonzero positive clement a E B. Since A is simple, there exists 
X G A such that c = axp is nonzero. Choose a nonzero projection q £ cAc*. Then 
q € B, and Lemma 4.1 of jJHI (or Lemma fl.8|l provides a projection e < p such 
that q ^ e.t 

Lemma 1.10. Let A be an infinite dimensional simple unital C*-algebra with 
Property (SP). Let B C A he a nonzero hereditary subalgebra, and let n G N. 
Then there exist nonzero Murray-von Neumann equivalent mutually orthogonal 
projections pi,p2, ■ . ■ ,Pn G B. 

Proof. Since A is unital and infinite dimensional, it is not isomorphic to the algebra 
of compact operators on any Hilbert space. The lemma is then immediate from 
Lemma 3.2 of (The result from ^ is on page 61 of that reference. See above 
for the proof of Lemma 3.1 of ^1].) I 

Lemma 1.11. Let A he an infinite dimensional simple unital C*-algebra, and 
let n £ N. Then A has Property (SP) if and only if M„ » A has Property (SP). 
Moreover, in this case, for every nonzero hereditary subalgebra B C M„ (g) A, there 
exists a nonzero projection p £ A such that l(E)p is Murray-von Neumann equivalent 
to a projection in B. 

Proof. Since A is isomorphic to a hereditary subalgebra in Mn A, it is obvious 
that if Mn ($1 A has Property (SP), then so does A. 

For the converse and the last statement, choose a nonzero element x £ B. Let 
{fij,k)i<j,k<n be a system of matrix units for Mn. Choose j such that (e^j ®l)x ^ 0. 
Then G = (e^j ® l)x{Mn ® A)x*{ej^j (8) 1) is a nonzero hereditary subalgebra in 
(ejj (8)l)(M„(8)A)(ejj (X)l) = A. Because A has Property (SP), there exists a nonzero 
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projection f E A such that ejj (E) f E C. By Lemma 11.101 there exist nonzero 
Murray- von Neumann equivalent mutuaUy orthogonal projections /i, /2, • ■ • , /« S 
A with fj < f for aU k. Then 

n n 

1 /i = ^ Ck^k ® /i ^ ej,j <E fk < Cjj- ® /, 
fe=i fe=i 

and J (X"/ is Murray- von Neumann equivalent to a projection in B by Lcmma ll.81 
I 

The following result implies, in particular, that if A is an infinite dimensional 
simple unital C*-algebra with Property (SP), and if a : G ^ Aut{A) is an action of 
a finite group G on A such that the crossed product is also simple, then the crossed 
product has Property (SP). 

Proposition 1.12. Let A be an infinite dimensional simple unital C*-algebra with 
Property (SP), and let a: G — > Aut{A) be an action of a finite group G on A 
such that C*{G, A, a) is also simple. Let B C C*{G, A, a) be a nonzero hereditary 
subalgebra. Then there exists a nonzero projection p G A which is Murray-von 
Neumann equivalent in C* {G, A, a) to a projection in B. 

Proof. Set N ^ {g E G: ag is inner}. Theorem 4.2 of ^21 provides a projection 
q E C*{N,A,a\]s[) C C*{G,A,a) which is Murray-von Neumann equivalent in 
G*(G, A, a) to a projection in B. (There is a reference missing in its proof: one 
uses the discussion after Proposition 2.8 of 25 for the claim, at the top of page 295 
of 521) that C*{N,A,a\N) is a direct sum of matrix algebras over A.) Let G act 
on C*(N,A,a\N) by conjugation by the standard unitaries Ug E C*{G, A,a), as 
in the discussion before Proposition 2.4 of (Since A is simple and unital, an 
automorphism is partly inner in the sense of '25' if and only if it is inner.) Following 
the discussion after Proposition 2.8 of 25 , there is a finite dimensional C*-algebra C 
with an action 7 of G such that C*{N,A,a\N) is equivariantly isomorphic to A i^C 
with the action 17 1-^ ® 7^ , in such a way that the inclusion of A in G*(iV, A, a\]\[) 
becomes a 1-^ a ® 1. Moreover, G is G-simple by Propositions 2.5 and 2.10 of |25| . 
Let 61,62, ... ,e„ be the minimal central projections of G. There is some k such 
that the projection (l®6fe)g is nonzero. Lemma 1 1 . 1 II provides a nonzero projection 
f E A such that f®ek {l®ek)q- By Lemma Fl.lOl there exist nonzero Murray-von 
Neumann equivalent mutually orthogonal projections /i , /2, • ■ • , /ji G A with fj < f 
for all j. Since G is G-simple, there exist gi, 32, ■ ■ • , 5n G G such that -jg^ (ej) = eu 
for 1 < j < n. Use Lemma 11.91 repeatedly to find a projection p E A such that 
p ;^ ctg^ifj) for all j. Then, with the first relation holding in C*{G,A^a) and the 
second in C*{N, A, al^) = A(E) C, we have 

p ® 6-,- ~ ag- [p) (g) 6fc ;:< fj ® 6fe. 

It follows that, in C*{G, A, a), we have 

n 

P(^^:i'^fj®ek<f®ek:<{l® ek)q < q. 

Since q is Murray-von Neumann equivalent in G*(G, A, a) to a projection in B, the 
proof is complete. I 

We now return to the main development. 
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Lemma 1.13. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a : G ^ Aut{A) be an action of a finite group G on A which has the tracial 
Rokhlin property. Then A has Property (SP) or a has the strict Rokhlin property. 

Proof. If A does not have Property (SP), then there is a nonzero positive element 
X A which generates a hereditary subalgebra which contains no nonzero projec- 
tion. I 

The following two lemmas will be important for dealing with Condition Q of 
Definition 11.21 and with similar conditions in other definitions in this paper. The 
first comes from an argument that goes back to Cuntz, in the proof of Lemma 1.7 
of 0. 

Lemma 1.14. Let ^ be a C*-algebra with Property (SP), let a; e A be a positive 
element with = 1, and let e > 0. Then there exists a nonzero projection^ G xAx 
such that, whenever q < p is a nonzero projection, then 

\\qxq — q\\ < e, \\qx — xq\\ < e, and ||qa;(7|| > 1 — £. 

Proof. Choose continuous functions hi,h2. [0,1] — > [0,1] such that /ii(0) = 0, 
hi{t) — 1 for t > 1 — jE, and \hi{t) — t\ < \s for all t, and such that ft.2(l) = 1 
and /iift-2 = /i2- Set y = hi{x) and z — /i2(x). Then — y\\ < jE and yz — z. 
Furthermore, z ^ because 1 G sp(a;). By Property (SP), there is a nonzero 
projection p G zAz. Let q < p he a, nonzero projection. Then q € zAz, so yq = 
qy — q. Therefore 

\\qx-xq\\ < 2||a;-y|| < ^ < e. 

Furthermore, 

\\qxq - q\\ = \\qxq - qyq\\ < \\x - y\\ < jE < e, 
whence also \\qxq\\ > 1 — e. I 

Lemma 1.15. Let A be an infinite dimensional finite unital C*-algebra with Prop- 
erty (SP), let a: G ^ be a positive element with ||a;|| = 1, and let £ > 0. Then there 
exists a nonzero projection q G xAx such that, whenever e G A is a projection such 
that 1 — e ^ q, then ||ea;e|| > 1 — £. 

Proof. Apply Lemma fl . 141 with x^/^ in place of x and with in place of e, ob- 
taining a nonzero projection p G x^/'^Ax^/'^ such that, whenever q < p is a nonzero 
projection, then (combining two of the estimates there) ||ga;^^^— (zll < f^- Note that 
x^/'^Ax^^'^ = xAx. By Lemma |l. 101 there is a nonzero projection q < p such that 
p — q ^ Q. Now suppose e G A is a projection such that ^ — e ^ q and ||ea::e|| < 1 — £. 
Then, repeatedly using ||a*a|| = ||aa*||, we get 

||epe|| = ||pep|| < ||px^/^ex^/^p|| + f £ < ||a;^/^ea;^/^|| + |e = ||ea;e|| + ^6 <l-\e. 
Therefore 

lie - e{l-p)\\ = llepll = Wepef' < (l - \e)"^ < 1. 

It follows from Lemma 2.5.2 of jl6| that e ^ 1 — p. Since, by assumption, we have 
I ^ e ^ q, this gives I ^1 — {p — q), contradicting finiteness of A. I 

When A is finite, we do not need Condition Q of Definition 1 1.21 
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Lemma 1.16. Let A be an infinite dimensional finite simple separable unital C*- 
algebra, and let a: G — > Aut(A) be an action of a finite group G on A. Then a 
has the tracial Rokhlin property if and only if for every finite set F <Z A, every 
£ > 0, and every nonzero positive element x G A^ there are mutually orthogonal 
projections eg & A for g £ G such that: 

(1) \\ag{.eh)-egh\\<eioY s\\g,h&G. 

(2) IjegO — acgll < e for all 5 € G and all a ^ F. 

(3) With e = X^gGG "^9' projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

Proof. It is immediate that the tracial Rokhlin property implies the condition in 
the lemma. So assume the condition in the lemma holds. 

If A does not have Property (SP), then a has the strict Rokhlin property, by 
the same proof as for Lemma 1 1.1 31 Accordingly, we may assume that A has Prop- 



Let F C Ahc finite, let £ > 0, and let a; G A be a positive element with ||a;|| = 1. 
Apply Lemma |l. 151 obtaining a nonzero projection q € xAx such that, whenever 
e G A is a projection such that ^ — e ^ q, then ||exe|| > 1 — £. Apply the hypothesis, 
with F and e as given, and with q in place of x, obtaining projections eg £ A for 
g € G. Set e = J^geG^g- need only prove that ||ea:e|| > 1 — £. But this is 
immediate from the choice of q and the relation 1 — e ^ q. t 

It is convenient to have a formally stronger version of the tracial Rokhlin prop- 
erty, in which the defect projection is a-invariant. 

Lemma 1.17. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a : G — > Aut(A) be an action of a finite group G on A which has the tracial 
Rokhlin property. Let F C A he finite, let £ > 0, and let x G A be a positive 
element with ||a;|| = 1. Then there are mutually orthogonal projections eg Cz A for 
g € G such that: 

(1) ||ckg(e;,) - eghW < £ for aU g,h G G. 

(2) llcgO — aeglj < e for all g G G and all a E F. 

(3) The projection e = J2g£G a-invariant. 

(4) With e as in ((JJ, the projection 1 — e is Murray- von Neumann equivalent 
to a projection in the hereditary subalgebra of A generated by x. 

(5) With e as in ©, we have |lea;e|| > 1 — £. 

Proof. Without loss of generality ||a|| < 1 for all a E F. Set £0 = min (^e, i) . 
Choose (5 > so small that whenever i? is a unital C*-algebra, 6 G -B is selfadjoint, 
and p G -B is a projection such that — p|| < caid{G)S, then the functional calculus 
e = X(i/2.oo)(^) is defined and moreover ||e — p\\ is small enough that there exists a 
unitary v E B such that vpv* = e and — 1|| < £0. We also require S < Sq. 

Apply Definition 11.21 to a, with F and x as given, and with 6 in place of e. 
obtaining projections eg £ A for g £ G. Let {pg)g^G be the resulting family of 
projections. Define p = J2heGPf>-- g £ G we have 



erty (SP). 



\\agip)-p\\ < \\agiph) - PghW < card(G)(5. 



h£G 



Set 
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Then 6 G ^" and ||6 - p\\ < card(G)(5. 

By the choice of 5, there exists a projection e E A" and a unitary v E A such 
that vpv* = e and \\v — 1|| < Sq- Now define eg — vpgV* for g E G. Clearly 
- PgW < 2eo- So, for g,heG, 

\\ag{eh) - BghW < \\eh - Ph\\ + \\egh ^ Pgh\\ + \\ag{ph) - Pgh\\ < 5eo < £• 
For g E G and a G F, we similarly get \\ega — acg || < 5eo < e. We have 

||(l-e)-(l-p)||<2£o<l, 

so 1 — e ~ 1 — p, and is hence Murray-von Neumann equivalent to a projection in 
the hereditary subalgebra of A generated by x. Finally, 

||ea;e|| > \\pxp\\ - 2||e - p|| > 1 - (5 - 2eo > 1 - £■ 
This completes the proof. I 

2. Crossed products by actions on C*-algebras with tracial rank 

ZERO 

The main result of this section is that the crossed product of an infinite dimen- 
sional simple separable unital C*-algebra with tracial rank zero by an action with 
the tracial Rokhlin property again has tracial rank zero. We begin by proving the 
analogous result in which the word "tracial" is omitted everywhere: the crossed 
product of a unital AF -algebra by an action with the strict Rokhlin property is 
again AF. To our surprise, we have been unable to find this result in the literature. 
Both proofs have been considerably simplified from original versions, following a 
suggestion of Osaka. The main estimates in the proof for actions with the strict 
Rokhlin property will be referred to in the proof for actions with the tracial Rokhlin 
property. Example 3.1 of 24 shows that the hypotheses can't be weakened to re- 
quire only the tracial Rokhlin property. 

We need a lemma. 

Lemma 2.1. Let n G N. For every e > there is 5 > such that, whenever 
{ej,k)i<j,k<n is a system of matrix units for M„, whenever i? is a unital C*-algebra, 
and whenever Wj^k, for I < j,k < n, are elements of B such that H^*,,. — WkjW < 5 
for 1 < j, fc < n, such that \\wj^^kiWj2,k2~ ^hM'^iiMW < <^ for 1 < ji,i2,fci,fe < 
and such that the Wj^j are orthogonal projections with X]j=i ^j.j ~ ^^ then there 
exists a unital homomorphism ip: M„ — > B such that ip{ejj) — Wjj for 1 < j < ri 
and W^icj^k) — Wj^kW < £ for 1 < j, /c < n. 

Proof. This follows from semiprojectivity of M„ (see Lemma 14.1.5, Theorem 14.2.2, 
Theorem 14.1.4, and Definition 14.1.1 of and the fact that if two families of 

n orthogonal projections summing to 1 are close then there is a unitary close to 1 
which conjugates one family to the other (Lemma 2.5.7 of 'TC"). I 

Theorem 2.2. Let A be a unital AF algebra. Let a: G Aut(A) be an action of 
a finite group G on ^ which has the strict Rokhlin property. Then C*{G,A,a) is 
an AF algebra. 

Proof. We prove that for every finite set S* C C* (G, A, a) and every e > 0, there is 
an AF subalgebra D C C*{G, A, a) such that every element of S is within e of an 
element of D. It is then easy to use Theorem 2.2 of W to show that C*{G,A,a) 
is AF. It suffices to consider a finite set of the form S — F U {ug-. g £ G}, where F 
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is a finite subset of tlie unit ball of A and Ug G C*(G, A, a) is the canonical unitary 
implementing the automorphism ag. So let _F C >1 be a finite subset with ||a|| < 1 
for all a G and let £ > 0. 

Set n — card(G'), and set Eq = e/(4n). Choose S > according to Lemma [2 .11 
for n as given and for Eq in place of e. Also require S < e/[2n{n + 1)]. Apply the 
strict Rokhlin property to a with F as given and with S in place of e, obtaining 



projections eg ^ A for g E G. Define Wg^h 



-iCh for g,h E G. 



We claim that the Wgji form a ^-approximate system of n x n matrix units in 
C*{G,A,a). We estimate: 

\\w*g,h-Wh.,g\\ = \\ehU*f^-,-Uhg-ieg\\ = ||wgft-ie,,u*^-i -eg|| = \\agh-i{eh)-eg\\ < 5. 
Also, using CgCh — Sg^h^h at the second step, 

\\Wg,,hiWg^^h2 -^g2MWguh2\\ = \\^g^h-'(^'nUg^f^-leh^ - ^32, /II V ft- 16^2 II 



'gih-'^'nUg^^-ie,,, 

gi'il 32/12 V 92/12 92/12 ''292 ''1 ' 



e/12 



< (5. 



Finally, X^geG ^s-s ~ ^seG ^ This proves the claim. 

Let {vg,h)gji£G be a system of matrix units for A/„. By the choice of 5, there exists 
a unital homomorphism ipa: Mn ^ C*{G,A^a) such that \\ipQ{vgji) — Wg^h\\ < £q 
for all g^h Cz G, and (po{vg_g) = for all g E G. Now define a unital homomorphism 
ip: Mn (8) eiAei G*{G, A, a) by (p{vgji a) = (y9o(wg4)a(po(wiji) for g,h e G and 
a G eiAei. It is well known that a corner of an AF algebra is AF, and ip is injective, 
so £> = (p{Mn (8) eiAei) is an AF subalgebra of G*{G, A, a). We complete the proof 
by showing that every element of S is within e of an element of D. 

For 5 G G we have J^heG Vo{vgh,h) e D and 



< E ll^S^/i - ^oiVgh.hjW 

/leG 



Now let aeF. Set 



^ = E '"9.9 ' 
geG 



1 eia ^{a)ei G M„ (g) eiAei. 



Using ||egaeft|| < ||[eg,a]|| + ||aegeftl|, we get 



see 



eoaeoW < 



|egae/i|| < n{n - 1)5. 



We use this, and the inequalities 

\\Vo{vg,i)ei - UgCiW < ^0 and ||eiag ^(a)ei - ^(egaeg)|| < 2S, 
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to get 

\\a - ip{b)\\ = a - V foivg,i)eiag^ia)eiipoivi^g) 

< 2neo + a — > Ugeia'!^ (a)eiu 

II ^-^geG y ^ ' 

< 2neo + 2n5 + a — > Una~^{eaaea)u 

II ^-^geG f y ' " . 

< 2neo + 2n(5 + n(ri - 1)(5 < e. 

This completes the proof. I 

The following result gives the criterion we use for a simple separable unital C*- 
algebra to have tracial rank zero. Note that, by Theorem 7.1(a) of JS], tracial rank 
zero is the same as tracially AF in the sense of Definition 2.1 of 114) . 

Proposition 2.3. Let yl be a simple separable unital C*-algebra. Then A has 
tracial rank zero in the sense of Definition 3.1 of 15 if and only if the following 
holds. 

For every finite set _F C A, every e > 0, and every nonzero positive element 
X Cz A, there is a projection p E A and a finite dimensional unital subalgebra 
E C pAp (that is, p is the identity of E) such that: 

(1) \\pa — ap\\ < £ for all a & F. 

(2) For every a G F there exists b E E such that \\pap ~ b\\ < e. 

(3) 1—p is Murray-von Neumann equivalent to a projection in xAx. 

Proof. Theorem 6.13 and Definition 3.4 of jl5| give this result, except with unitary 
equivalence instead of Murray-von Neumann equivalence in Q. However, according 
to Remark 6.12 and Theorem 6.9 of [15], with Q as it stands, the resulting condition 
implies that A has stable rank one. I 

The condition of Proposition ing is given as the definition in See Definition 
3.6.2 there. 

For convenient reference, we recall some properties of simple unital C*-algebras 
with tracial rank zero. (Most of them will not be needed until later.) 

Definition 2.4. Let A be a unital C*-algebra. We say that the order on projections 
over A is determined by traces if whenever n G N and p,q G Mn{A) are projections 
such that t{p) < T{q) for all tracial states r on A, then p ^ q. 

This is just Blackadar's Second Fundamental Comparability Question for all 
matrix algebras over A. See 1.3.1 in 

Theorem 2.5. (H. Lin.) Let A be a simple separable unital C*-algebra with tracial 
rank zero. Then A has real rank zero and stable rank one. Moreover, the order on 
projections over A is determined by traces fDefinition l2.4|) . 

Proof. In view of Theorem 7.1(a) of 1 151 ■ real rank zero and stable rank one are 
Theorem 3.4 of ,14. That the order is determined by traces is Corollary 5.7 and 
Theorems 5.8 and 6.8 of HH). I 

Theorem 2.6. Let A be an infinite dimensional simple separable unital C*-algebra 
with tracial rank zero. Let a: G — > Ant{A) be an action of a finite group G on A 
which has the tracial Rokhlin property. Then C*{G,A,a) has tracial rank zero. 
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Proof. The proof is a modification of that of Theorem 12. 21 It suffices to verify the 
condition of Proposition 12.31 for a finite set S of the form S = F IJ {ug : g S G}, 
where F is a finite subset of the unit bail of A and Ug G C*{G, A, a) is the canonical 
unitary implementing the automorphism ag. So let C A be a finite subset with 
||a|| < 1 for all a ^ F, let e > 0, and let x G C*{G,A,a) be a nonzero positive 
element. 

The C*-algebra A has Property (SP) by Theorem 12.51 So Proposition II . 1 21 and 
CoroUarv 11.61 provide a nonzero projection q G A which is Murray- von Neumann 
equivalent in C*{G, A, a) to a projection in xC*{G, A, a)x. By Lemma [1.101 there 
are orthogonal nonzero projections 91, 92 & A such that 91, 92 < q- 

Set n — card(G'), and set eo — s/ (16n). Choose 6 > according to Lemma lTTl for 
n as given and for eo h^ place of e. Also require S < £/[8n(n-|-l)]. Apply Lemma FLl?! 
to a, with F as given, with S in place of s, and with qi in place of x, obtaining 
projections eg £ A for g £ G. Set e = X^gec construction, Ugeu* — ag{e) = e 

for every g £ G. Also, for a £ F we have \\ea — ae\\ < J2g£G W^g'^ ~ '^^gW < '^^o- 

Define Wg^h = Ugi^-ieu for G G. Using the same estimates as in the proof 
of Theorem 12.21 we find an injective unital homomorphism Lp: Mn ® eiAei — > 
eC*{G, A, a)e and a finite set T in the closed unit ball of M„ eiAei such that for 
every a G S = F U {ugi g G G}, there is 6 G T such that \\ip{b) — eae\\ < \e. Let 
ei^i G Af„ denote the usual (1,1) matrix unit. Then Lp furthermore has the property 
that if a G eiAei then (/^(ei^i Oa) = a. Use Lemma ll.9l to choose equivalent nonzero 
projections /i, /2 G A such that /i < ei and /2 < 92- It follows from Theorems 3.10 
and 3. 12(1) of 14 that M„ ® eiAei has tracial rank zero, so there is a projection 
Po G Mn®eiAei and a finite dimensional unital subalgebra Eq C pQ{Mn® eiAeijp^ 
such that Wpoh — hpo\\ < je for all b £ T, such that for every b £ T there exists 
c £ Eq with Wpobpo — c\\ < ie, and such that 1 — Po ^ ^1,1 ® /i in 'S) eiAei. Set 
p = ip{po), and set i? = ip{Eo), which is a finite dimensional unital subalgebra of 
pC*iG,A,a)p. 

Let a £ S. Choose b £ T such that \\(p{b) — eae\\ < jS. Then, using pe = ep = p, 

\\pa — ap\\ < 2\\ea — ae\\ + \\peae — eaep|| 

< 2||ea- ae|| + 2||eae - ^(6) || + \\pob - bpo\\ < 2neo + 2 {\e) + < e. 

Further, choosing c £ Eq such WpobpQ — c|| < |;e, the element Lp[c) is in E and 
satisfies 

\pap-if>(c)\ < \\eae~if{b)\\ + \\pobpa - c|| < + < £. 
Finally, in C* (G, A, a) we have 

1 _ p = (1 - e) + (e - p) ;^ gi + /2 < 9, 
and 5 is Murray- von Neumann equivalent to a projection in xG*{G, A, a)x. I 

3. Tracially approximately representable actions and duality 

In this section, we give the tracial analog of approximate representability of 
an action. Definition 3.6(2) of ^U]- As there, we restrict to abelian groups; see 
Remark 3.7 of 10 . After several elementary properties and reformulations, we 
generalize Lemma 3.8 of |10) . showing that an action is tracially approximately 
representable if and only if the dual action has the tracial Rokhlin property, and 
similarly with the action and its dual exchanged. 
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Definition 3.6(2) of jJOl is formulated in terms of central sequences, so we give a 
reformulation with direct estimates. 

Lemma 3.1. Let A be a separable unital C*-algebra, and let a: G ^ Aut(A) be 
an action of a finite abelian group G on A. Then a is approximately representable 
(Definition 3.6(2) of ^]) if and only if for every finite set F <^ A and every e > 0, 
there are unitaries Wg & A such that: 

(1) ||ag(a) — Wgaw*g\\ < e for all a S and all g £ G. 

(2) \\wgWh ~ Wgh II < e for all g,heG. 

(3) \\ag{wh) — WhW < s for all g,h £ G. 

Proof. It is immediate that the condition of the lemma implies approximate repre- 
sentability. 

Now assume a is approximately representable, and let C ^ be finite and 
let e > 0. Without loss of generality ||a|| < 1 for all a £ F. Set n ~ card(G). 
Using semiprojectivity of C*(G) = C" (see Lemma 14.1.5, Theorem 14.2.1, Theo- 
rem 14.1.4, and Definition 14.1.1 of (TBI), choose 5 > such that whenever ^ is a 
unital C*-algebra and elements Xg £ A, for g £ G, satisfy ||a;gXh — Xgh\\ < S for all 
g,h £ G and ||a;*Xg — 1||, Ha^^a;* — 1|| < (5 for all g £ G, then there exist unitaries 
Wg £ A such that \\wgWh — Wgh\\ < £ for all g,h £ G and \\wg — Xg\\ < |e for 
all g £ G. From Definition 3.6(2) of ^U], we get elements Xg £ A such that the 
conditions above are satisfied, and also |jQ!g(a) — XgUX*]] < for all a G and all 
g £ G and \\ag{x/i) — Xh\\ < |e for all g,h £ G. Moreover, we may clearly require 
||a;g|| < 1 for all g £ G. It is now easy to check that Conditions Q through Q 
hold. I 

We now give the tracial analog. 

Definition 3.2. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a: G ^ A\xt{A) be an action of a finite abelian group G on A. 
We say that a is tracially approximately representable if for every finite set F £ A, 
every e > 0, and every positive element x £ A with ||a;|| — 1, there are a projection 
e £ A and unitaries Wg £ eAe such that: 

(1) ||ea — ae\\ < e for all a £ F. 

(2) \\ag{eae) — WgCaeWgW < e for all a e F and all g £ G. 

(3) llwgW/i — Wgh\\ < £ for all g,h £ G. 

(4) \\ag{wh) - Wh\\ < e for all g,h £G. 

(5) 1 ~ e is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra of A generated by x. 

(6) llexell > 1 - e. 

We next give several elementary properties and reformulations. In the rest of 
this section, we generalize Lemma 3.8 of ,10 , showing that an action is tracially 
approximately representable if and only if the dual action has the tracial Rokhlin 
property, and similarly with the action and its dual exchanged. 

Lemma 3.3. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a: G ^ Aut(A) be an action of a finite abelian group G on A. If a is 
approximately representable in the sense of Definition 3.6(2) of |l()j . than a is 
tracially approximately representable. If a is tracially approximately representable, 
then A has Property (SP) or a is approximately representable. 
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Proof. This is immediate from Lemma l3. II I 

When A is finite, we do not need Condition © of Definition 13. 21 

Lemma 3.4. Let A be an infinite dimensional finite simple separable unital C*- 
algebra, and let a: G ^ Aut(A) be an action of a finite abelian group G on A. 
Then a is tracially approximately representable if and only if for every finite set 
F C A, every e > 0, and every positive element x ^ A with ||a;|| = 1, there are a 
projection e G A and unitaries Wg £ eAe such that: 

(1) \\ea — ae\\ < e for all a ^ F. 

(2) ||ag(eae) — Wgeaew*\\ < e for all a e F and all g & G. 

(3) llwgW/i — Wgh\\ < s for all g,h € G. 

(4) \\ag{wh) -WhW < e for all g,h G G. 

(5) 1 — e is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra of A generated by x. 

Proof. The proof is the same as for Lemma ll.lfil I 

In the definition of tracial approximate representability, we can require invari- 
ance instead of approximate invariance, and we can require that 5 be a 

homomorphism . 

Lemma 3.5. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a : G — > Aut(A) be a tracially approximately representable action of a finite 
abelian group G on A. Then for every finite set F <Z A, every e > 0, and every 
positive element x ^ A with ||a;|| — 1, there are an a-invariant projection e G A and 
a homomorphism g i—> Wg from G to the unitary group of eAe such that: 

(1) \\ea — ae\\ < e for all a ^ F. 

(2) ||ag(eae) — WgeaeWg\\ < e for all a G F and all g & G. 

(3) WgWh = Wgh for all g,h e G. 

(4) ag{wh) = Wh for all g,h G G. 

(5) 1 — e is Murray-von Neumann equivalent to a projection in the hereditary 
subalgebra of A generated by x. 

(6) ||ea;e|| > 1 - e. 

Proof. Let F, e, and x be given. Without loss of generality ||a|| < 1 for all a E F. 

The group algebra C*{G) is finite dimensional, hence semiprojective. (See 
Lemma 14.1.5 and Theorems 14.2.1 and 14.2.2 of In particular, by Theo- 

rem 14.1.4 of |18| . its standard generators Ug for g G G, and relations {ug is unitary 
and UgUh Ugh for g,h E G) are stable in the sense of Definition 14.1.1 of JS]. Ac- 
cordingly, there exists eo > such that whenever {xg)g^G is a collection of elements 
of a unital C*-algebra B such that for all ft. G G we have 

\\xgX*g - 1|| < lOeo, \\x*gXg - 1|| < lOeo, and \\xgXh - Xgh\\ < lOeo, 

then there exists a unital homomorphism ip: G*{G) B such that \\ip{ug) — Xg\\ < 
j^e for all g & G. We also require Eq < min {j^s, l) . 



Next, choose i5 > with <5 < £0 and so small that whenever p is a projection 
in a C*-algebra B, and a G -B is selfadjoint and satisfies \\a — p\\ < 36, then the 
projection q = X[i/2,oo)(a) is defined and satisfies \\q — p\\ < sq. 

Apply Definition 13 . 21 with F as given, with 5 in place of e, and with x as given, 
obtaining a projection / and unitaries Ug G fAf. Note that Wyf — yi\\ < S, so 
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^ /II < ^- Therefore ||ag(/) — /|| < 36 for all g & G. Consequently, the element 

^ ^ /iGG 

satisfies ||6 — /|| < 35, so that there is a projection e £ A" such that ||e — /|| < Eq. 
For every g,h G G, we now have 

\\ah{eyge) - yg\\ < \\eyge - %|| + ||a/,.(%) - ygll < 2l|e - /|| + 5 < 3eo. 

Therefore the elements 

satisfy ||a;g — yg|| < 3eo- We now estimate: 

||x<,.t; - /II < 2||a;<, - yg\\ + \\ygy; - f\\ < 6£o + - 6eo; 
similarly, Ha^^a^g — 1|| < 6eo^ a-nd also 

\\xgXh-Xgh\\ < \\xg-yg\\ + \\xh-yh\\ + \\xgh-ygh\\ + \\ygyh-ygh\\ <9£o + 5<10eo- 

So there is a unital homomorphism ip: C*{G) — > {eAe)°' such that ||(y5(Mg) — a;g|| < 
j^e for all g £ G. Set Wg = f{ug). Then ||wg — y^H < + 3eo < 
We now have, for a £ 

Ilea - ae\\ < 2\\e -f\\ + \\fa - af\\ <2eo + S<e, 

and, for a G F and g £ G, 

||ag(eae) - Wgeaew*g\\ < 4||e - /|| + 2||wg - yg|| + ||ag(/a/) - Vg!afy*g\\ 

< 4eo + + (5 < e. 

This gives Parts of the conclusion. 

For Part ©, 

llexell > ||/a:/|| - 2||e - /|| > 1 - 5 - 2eo > 1 - e. 
For Part 0, use ||e - /|| < eo < 1 to get e^jA 

We now turn to the proof of the duality relations. We will use Takai duality to 
get one part from the other, and to do so we need to know that an action of a finite 
abelian group has the tracial Rokhlin property if and only if the second dual action 
has the tracial Rokhlin property. The next few lemmas contain the proof of this 
fact. 

We must identify what happens to the inclusion map A ^ C* (G, G*{G,A,a), a) 
under Takai duality |27| . The formula in the next proposition is correct without 
simplicity, but assuming simplicity shortens the proof. 

Proposition 3.6. Let A be a simple unital C*-algebra, and let a: G — > Aut(A) 
be an action of a finite abelian group G on A. In L{P{G)), let {eg^h)gMeG be the 
family of matrix units determined by the requirement that Cg^h send the standard 
basis vector Sh to the standard basis vector Sg, and vanish on all other standard 
basis vectors. Let 

l: A-^ C*{G,A,a) and fi: C* {G, A,a) ^ C* {G, C* {G, A,a), 5) 
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be the inclusions. Then there exists an isomorphism ^p: C*{G, C*{G,A,a), a) — > 
L{P{G)) ® A such that 

{ifofio i){a) = ^ ek,k ® afc Ha) 
feeG 

for aU a ^ A. 

Proof. For g G G let Ug G G*{G, A, a) be the standard implementing unitary, and 
for T G G let Vr G C*(^G, G*{G,A,a), a) he the standard implementing unitary. 
Identify A and C*{G,A,a) with their images in C* (G, G*{G,A,a), a) under ^ o t 
and /i. Then define ip on the generators of C*(G, G*(G, A, a), a) by 

f{a) ^^ek,k<E)a'^^{a), (p{ug) = ^ egk,k ^S) 1, and y(t'r) = efc,fc (g)T(fc) 
feeG keG keG 

for a G A, g S G, and t G G. One checks that the appropriate relations are satisfied 
for this definition to extend to a homomorphism, and it is easily seen that the 
resulting homomorphism is surjective. It is injective because, by Takai duality [?7j . 
simplicity of A implies simplicity of G*[G, C* {G, A,a), a). I 

Lemma 3.7. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a: G ^ Aut(A) be an action of a finite group G on A which has the 
tracial Rokhlin property. Let p G A he a G-invariant projection. Then the action 
g oiglpAp has the tracial Rokhlin property. 

Proof. Let F C pAp be finite, let e > 0, and let x G pAp be a positive element with 
||x|| = 1. Set n = card(G). Set 

Using semiprojectivity of C", choose (5 > such that whenever S is a unital C*- 
algebra, gi, ...,(/„ S B are mutually orthogonal projections, and p G B is a, projec- 
tion such that \\pqj — Cljp\\ < S for 1 < j < ti, then there are mutually orthogonal 
projections Cj G pBp such that \\ej — pqjp\\ < Eq for 1 < j < n. We also require 
5<so. 

Apply Definition ^21 to a, with F U {p} in place of F, with S in place of e, and 
with X as given, obtaining projections qg G A for g G G. By the choice of d, there 
are mutually orthogonal projections Cg G pAp such that \\eg ^pqgp\\ < Sq for g G G. 
We now estimate, using ag{p) = p, 

\\c(g{eh) - CghW < \\eh -pqhPW + \\egh - pqghp\\ + ||p(ag(g/i) - qgh)p\\ <2so + 6 < e, 
and for a G F, using pa = ap ^ a, 

WcgO - aegll < 2\\eg ~ pqgp\\ + \\p{qga - aqg)p\\ < 2eo + d < e. 
Next, set e = J2geG ^9 ^^'^ 9 = ^geG Then ||e - pqp\\ < nso < 1. So 
11(1 - q){p -e)-{p-e)\\ = \\q{p - e)\\ = \\{p - e)q{p - e)\\'/' 

= 11(1 - e)MP(l - e)ir/2 < lie -MPir^' < 1. 

It follows from Lemma 2.5.2 of ^] that p ~ e ^ 1 ~ q. Since 1 — g is Murray-von 
Neumann equivalent to a projection in xpApx — xAx, so is p — e. 
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Finally, wc estimate ||exe||. From \\qgp~pqg\\ < 6 < £o for all g, we get < 
n£o, whence ||e — pq||, ||e — qpH < 2ri£o- Therefore 

\\exe\\ > \\qpxpq\\ — Aueq — \\qxq\\ — 4neo > 1 — (5 — Aueq > 1 — £. 

This completes the proof. I 

Lemma 3.8. Let A be a C*-algebra, let n G N, and let x — (xj^k)i<j,k<n G Mn{A) 
be positive. Then there exists k such that > n^^||a;|j. 

Proof. We first claim that if 

:).M.(.4) 

is positive, then ||6|| < ^(||a|| + l|c||). Without loss of generality A C L{H) for some 
Hilbert space H, and we correspondingly take M2{A) C L{H^). Let £^,rj E H satisfy 
ll^ll = ||r;|| = 1. Choose t G C with \t\ = 1 such that t{bri, ^) = -\{brj, ^)\. Then one 
calculates that 

0<{y{i,tv), (e,t?7)> = K,0 + {cri,v)-2\{bv, 0\ < M + l|c|| -2|(6e, 
Therefore \{bri, ^)| < ^dlajl + ||c||). The claim follows by taking the supremum over 

ah e,7?ei?with ||eil = hll-l. 

By considering 2x2 submatrices of x, the claim implies that ||a;j,A; || < ^(ll^^ij II + 
||2;/c,/c||) for 1 < j,k < n. Sum over all j and k to get 

n 

||a;|| < XI \\X]-k\\<n'^\\xk^k\\- 

l<j,k<n k=l 

The statement of the lemma follows. I 

Lemma 3.9. Let A be an infinite dimensional simple separable unital C*-algebra, 
let a: G ^ Aut(A) be an action of a finite group G on A, and let g Vg he a 
unitary representation of G on C". Then a has the tracial Rokhlin property if and 
only if the action g i-^ Ad{vg)^ag of G on M„ (g) A has the tracial Rokhlin property. 

Proof. We first prove that if a has the tracial Rokhlin property, then so does g i— > 
Ad{vg) (8>ag. If Mn^A does not have Property (SP), then, by Lemma FLllI neither 
does A, so a has the strict Rokhlin property by Lemma [1.131 Then we must show 
that g I— > Ad{vg) (8) ag has the strict Rokhlin property. The proof is similar to but 
easier than the other case, and is omitted. 

So assume that M„ (8) A has Property (SP) and that a has the tracial Rokhlin 
property. Let F C M„ ^ A he finite, let £ > 0, and let x G M„ (S) A he a positive 
element with ||a;|| ~ 1. Let {ej^k)i<j,k<n he the standard system of matrix units for 
Mn. Without loss of generality we may assume that there is a finite set C A 
such that ||a|| < 1 for all a S Fq and such that 

F — {ej.k ® a: 1 < j, k < n and a £ Fq}. 

Set £o = min (£/4, l/(4n^)) . Choose £i > with £i < £o and so small that if B 
is a C*-algebra and e,q E B are projections such that \\eq — qe\\ < £i, then there 
is a projection p E B such that \\eqe — p\\ < £o. Apply Lemma 11.141 obtaining a 
nonzero projection p G x{AIn ® A)x such that ||poa^Po ~Po|| < for every nonzero 
projection po < P- 
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Write p = J2^k=i ®Pj.k- By Lemma there is k such that A — \\pk,k\\ > 
n^^. Without loss of generality k — 1. Lemma |l . 1 II provides a nonzero projection 
d € A such that 1 ® d ;^ p. Then q = ei^i (S) d is a nonzero projection in Cei^i ^ 
A such that q p- By Lemma 11.101 there exist nonzero Murray- von Neumann 
equivalent mutually orthogonal projections gi, (72, ■ ■ • , 9n < 9- Set y = A^^pi i. 
Apply Lemma [T.14l obtaining a nonzero projection z G yAy such that ||(j'oy5'o^9oll < 
i for every nonzero projection go ^ z. Using Property (SP) and Lemma ll.9l choose 
a nonzero projection qo < z such that ei 1 (g) go "Zi- 

Set 

^1 1_ _J__\ 

' n2card(G)' An 8card(G) / ' 

Apply Definition 11.21 to a, with Fq U {qo} U {pj,k- ^ < j,k < n} in place of F, 
with (5 in place of e, and with go in place of x. Let fg, for g e G, be the resulting 
projections. As usual, set / — X^gGc/f Then define Cg = 1 ® fg. Since (5 < e, 
it is immediate that ||(Ad(wg) ® ag)(eh) — egh\\ < £ for all g, /i G G, and that 
II [eg, {cj^k ® a)] II < £ for all 5 G G and all a G i^o- Moreover, with e = Sgec ^9' 
have 

1 - e = ^ ek,k (1 - /) ;^ ^ efe,fe ® go ;i X! ^'^ - ^' 
fc=i fc=i fc=i 

which is Murray-von Neumann equivalent to a projection in a;(M„ (g) ^)a;. 

It remains only to show that ||ea;e|| > 1 — e. We have ||[/,Pj,/c]|| < Si/n'^ for 
^ < j,k < n, so ||[e,p]|| < ei. Therefore there is a projection r G M„ ® A such that 
||r — epe|| < Eq- Now, assuming r at the last step, 

||ea;e|| > ||pea:ep|| > ||epxpe|| — 2ei > \\epe\\ — 2ei — Eq > \\r\\ — 2ei — 2£o > 1 — £. 

So we need only show that r 0. It suffices to show that ||epe|| > £o- 
Using ll/go/ll > 1 — (5 at the seventh step, we have 

llepell > ||M,i/|| = \\\fyf\\ > ^\\fyf\\ > ^hofyfqoW 

> MWfloyiofW - 2card(G)J) > ^ (||/go/|| - i - i) 

This completes the proof that g i— > Ad(t;g) ag has the tracial Rokhlin property. 

Now suppose that g i—>- Ad{vg)(E)cXg has the tracial Rokhlin property. Let g ^ Wg 
be the contragredient representation. By what we already did, g ^ Ad(u'g ® Vg) ® 
ag, which is an action of G on M„2 ® A, has the tracial Rokhlin property. The one 
dimensional trivial representation of G is a subrepresentation oi g ^ Wg ® Vg, so 
there is an invariant projection p G -M„2 such that the restriction ol KA{wg®Vg)®ag 
to {p ® 1)(M„2 ® A){p ® \) = A can be identified with a. Now Lemma f3 . 71 implies 
that a has the tracial Rokhlin property. I 

Lemma 3.10. Let A be a simple C*-algebra with Property (SP), and let a: G — > 
Aut(A) be an action of a finite group G on A. For each g € G, let Pg G A be 
a nonzero projection. Then there exists a nonzero projection g G A such that 
g ;^ ckg(pg) for all g e G. 

Proof. Write G = {gj-. < j < n — 1}, with go = 1. Using Property (SP) and 
Lemma 11.91 find a nonzero projection ei < pi such that ei ^ Oigi(Pgi)- In the 
same way, find a nonzero projection 62 < ei such that 62 ;^ 0^32(^32 )■ Proceed 
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inductively. Set q — e„_i. Then g is a nonzero projection such that q ;^ otgj{Pgj) 
for < j < 71 — 1, whence q ^ ag{pg) for aU 17 G G. I 

The next result is the analog of Lemma 3.8 of 

Theorem 3.11. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a: G ^ Aut(A) be an action of a finite abelian group G on A such 
that C* (G, A, a) is also simple. Then: 

(1) a has the tracial Rokhlin property if and only if a is tracially approximately 
representable. 

(2) a is tracially approximately representable if and only if a has the tracial 
Rokhlin property. 

Proof. Using ProDOsition ll.121 Lemma ri.lll and Takai duality j2Z], we see that that 
either both A and C*{G, A, a) have Property (SP) or neither does. If neither does, 
by Remark 1 1.41 and Lemma [1.131 the statement is equivalent to the corresponding 
statement for the strict Rokhlin property and approximate representability, and 
follows from Lemma 3.8 of ^Hl- Thus, we assume both have Property (SP). 

We prove l(2Jl. Statement will then follow from Q for a, by combining Takai 
duality 27 with Lemma 

For g £ G let e C*{G,A,a) be the standard unitary of the crossed product. 
Also set n — card(G). 

Suppose that a is tracially approximately representable. Let F C G*{G,A,a) 
be finite, let e > 0, and let x £ G*{G,A,a) be a positive element with ||a;|| = 1. 
Without loss of generality F — Fq IJ {ug : g G G} for some finite subset Fq C A, 
such that ||a|| < 1 for all a e Fq. 

Use Proposition 11.121 and Lemma 11.141 to find a nonzero projection go in the 
hereditary subalgebra xC*{G,A,a)x such that whenever p < go is a nonzero pro- 
jection, then llpxpll > 1 — By Proposition ll . 121 again, there is a nonzero projec- 
tion q Cz A and a partial isometry c G G*(G, A, a) such that cc* — q and c*c < q^. 
Write c = Z^geG "^ff^s ^^^^ ^ ^- Note that ||cg|| < ||c|| = 1. 

Set Eq = e/ (8n). Apply Lemma [3. 51 with FqU {cg: g E G} in place of F, with 
in place of e, and with q in place of x. Let e ^ A and Wg G eAe be the resulting 
projection and unitaries. For a Cz G, define Co- G C* (G, A, a) by 

e<7 = - V a{g)ugW* 
gi^G 

We show that the are projections which verify the definition of the tracial Rokhlin 
property. 

The unitaries Ug G G* (G, A, a) and Wh G eAe commute for all g,h G G, because 
ctgiwfi) = Wh- It is now easy to check that e* = Co-. Next, let cr, r G G. Then, 
changing the variable g to gh~^ at the second step, 

^-^^ '^i9)r{h)ughw*g^ ^^Yl (H^eG^"^ '^^^''O '^^9>gW*g. 

g,hGG geG 

We have ^hGG(.'^~^''')(^) = n ii a ~ and the sum is zero otherwise, so the e^ 
are mutually orthogonal projections. Moreover, 

— uiwl = e. 



THE TRACIAL ROKHLIN PROPERTY 



21 



For T G G, we have ariwg) = Wg and ar(ug) — T{g)ug. Therefore aT{en) = era for 

CT,T ^G. 

Next, we check the approximate commutation relations. For g G G, because G 
is abehan and Ug commutes with each Wh, we have CrUg = UgCr for all t € G. 
For a Fq and t G G, we use the relation UgCaeu* = ag{eae) and the estimate 

||Q!g(eae) — Wgeaew*\\ < Eq to get 

\\era — aCrW < 2\\ea — ae\\ + \\ereae — eaee^W 



— ^a[g)ugW*geae — eaea{g)ugW* 



< 2 ea — ae + 

n 
aeG 

< 2eo + eo < £• 

Next, we observe that 1 — e ;^ so 1 — e is Murray-von Neumann equivalent to 
a projection in xG*{G, A, a)x. 

Finally, we estimate ||ea;e||. First, since e is a-invariant, we have UgC — eug for 
all g &G. Therefore 



ec|| < ^ \\cge-ecg\\ < ie, 
geG 



whence \\c*ce — ec*c\\ < jS. Using the fact that c*c is a projection and c*c < qq at 
the fourth step, we get 

||ea;e|| > ||c*cea:;ec*c|| > ||ec*ca;c*ce|| — > ||ec*ce|| — |£ = ||(ce)(ce)*|| — |£ 

> ||ecc*e|| - |e = \\eqe\\ — > I ~ Eq - > I ~ e. 

This completes the proof that a has the tracial Rokhlin property. 

Now assume that a has the tracial Rokhlin property. Let F C ^ be a finite set, let 
e > 0, and let a; G A be a positive element with — 1. Without loss of generality 
||a|| < 1 for all a G -F. Apply Lemma 1 1.1 41 obtaining a nonzero projection q G xAx 
such that \\rxr — r\\ < for every nonzero projection r < q. Use Lemma II.IUI 
to find a family {qg)g^Q of nonzero mutually orthogonal projections in qAq. By 
Lemma |3.1UI there exists a nonzero projection p £ A such that p ^ ag{qg) for all 
g G. Therefore there are nonzero projections pg E A with pg < qg such that 

Pg ~ cis(Pi) for ^-ll 5 G G. 

Choose Eq > so small that if B is a unital C*-algebra and y £ B satisfies 

\\yy* - 1|| < ^£on and \\y*y - 1|| < beon, 
then there is a unitary w <E B such that ||w — y\\ < ^e. We also require that 

Apply Lemma 11.171 to a with F U {pi} U : g G G} in place of F, with Eq 
in place of e, and with pi in place of x, obtaining projections e,- for t £ G. Let 
e — X^rsG ^ote that e G A because e is S-invariant. 

Define 



Xn 



E 



a{g)eaUgeo 



for g G G. Note that Xg G eC*{G,A,a)e. We estimate as follows. For g G G and 
T G G, 

\\ar{Xg) -XgW < ^ \\(j{g)T{g)ar{ea)ugCtT{ea) - {crT)(g)eraUgercr\\ < 2nEo. 
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For geG, 



\\xgx*g - e|| V ^~cr(ff)T(5) ^eaUge^erU*er - V 
aed 

Similarly, 

\\x*gXg - e|| < neo- 

For a e FU {pi}, 

||ea — ae|| < ||era — aerll < neo < 

For g e G and a G i^, 

Ijugeaeu* — Xgcaea::*!! < \\a{g)T{g)~^ eaUgecraerU*er — Ugea-aerU*\\ 

cr.rGG 

< 97i^eo + ^ ||cr(g)r(5r)"^Ugau*e^e^ - Ugau*e^e^| 

cr,rGG 

= On^eo < ye- 

For g,h e G, 

\\xgXh -XghW = ||^^^^ga-(.g)T(/i)e^MgecrerM/ie^ - ^^^^a{gh)eaUgUhea 
< ^ ll-Ugeg. - eaUgW < eon < )e. 

creG 

For g,h e G, 

\\ugXhU*g - Xh\\ <^ \\ugeaUheaU*g - e^Uhe^rW 

< 2n\\ugea - eaUgW < 2neo < \e. 

Now for g G G set 

Vg = i^a^(xg). 

tGG 

Then yg £ eC*{G, A,a)e and is a-invariant, so yg G eAe. The first estimate in 
the previous paragraph implies that Hj/g — < 2neo- The next two then imply 
that 

WUgVl - e|| < 5neo and \\y*gyg - e|| < 5neo. 

Therefore there are unitaries Wg G eAe such that jjiyg — < je. It follows that 
Ijuig— Xgll < je+2neo < |£. The remaining four estimates in the previous paragraph 
now imply, in order, Conditions (Q) through 10} in Definition 13. 21 For the first, this 
is immediate. For the second, for 5 G G and a G F, 

||Q;g(eae) — WgeaeWg\\ = Wugeaeu* — WgeaeWg\\ 

< 2\\'Wg ~ XgW + \\ugeaeu*g — Xgeaex*g\\ < |e < e. 

Similarly, the remaining two give \\wgWh — Wgh\\ < e and \\ag{'Wh) ~ WhW < je < e. 
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We next verify Condition @ in Definition 13.21 Our choices give 1 — e ;^ pi in 
C*{G,A,a). This is therefore also true in C*{G, C*{G,A,a), a). Use the nota- 
tion of Proposition 13.61 and the identification there of C*{G, C*{G,A,a), a) with 
L{P{G))(E)A. By Proposition El in L{P{G)) (g) A we have 

gSG gSG 

Thus, in L{P{G)) ® A we have 

ei,i®(l-e) < ^ eg,g(8)Q;g ^(1-e) ;:< ^ eg_g(g)ag ^(pi) ^ei,i(g)pg < ei,i(g)g. 
geG geG gSG 

Therefore 1 — e g in A, which verifies condition |(SJ). 

It remains to verify Condition Since Eq < we have ||epie|| > 1 — ^e. 
Since pi < q and is nonzero, we have \\pi — pixpi\\ < ^e, whence 

llexell > WpiexepiW > \\epie\\ - 2||[e,pi]|| - \\pi - pixpi\\ 
> 1 - y£ - fe - > 1 - e. 
This completes the proof. I 

4. Strongly tracially approximately inner automorphisms 

In this section, we introduce the notion of a strongly tracially approximately 
inner automorphism. The main result of this section is that if an action of a fi- 
nite cyclic group has the tracial Rokhlin property and is generated by a strongly 
tracially approximately inner automorphism, then the action is tracially approx- 
imately representable in the sense of Definition 13.21 It will follow that the dual 
action has the tracial Rokhlin property. 

We begin by proving the "nontracial" version, essentially, that for finite cyclic 
groups, approximate innerness and the strict Rokhlin property imply approximate 
representability. This result is not particularly useful, because approximate rep- 
resentability seems usually to be easier to prove than the strict Rokhlin property. 
(See the discussion in at the beginning of Section 3.2 of [TUI, where approximate 
representability is seen primarily as a way to get actions with the strict Rokhlin 
property by duality.) However, the proof of the tracial version will partially follow 
this proof. The tracial version is much more useful, because the tracial Rokhlin 
property can often be proved directly. 

Proposition 4.1. Let A be a separable unital C*-algebra, let a G Aut(A) be 
approximately inner and satisfy a" = id^, and suppose that the action of Z„ 
generated by a has the strict Rokhlin property. Then the action of Z„ generated 
by a is approximately representable. 

Proof. The proof has two steps. First, we show that one can choose the unitaries 
in the definition of approximate innerness to have order n, and then we show that 
one can in addition choose them to be a- invariant. 

Step 1: We claim that for every finite subset F C A and every e > 0, there is a 
unitary v A such that ||tiaw* — a{a)\\ < e for all a £ F, and such that = 1. 

To prove this, without loss of generality F is a-invariant and ||a|| < 1 for all 
a e F. Choose i5 > with ^ 

^ - 3{2n + 7)n 
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and also (using scmiprojectivity of C"; see Lemma 14.1.5, Theorem 14.2.1, The- 
orem 14.1.4, and Definition 14.1.1 of ^H]) so small that whenever i? is a unital 
C*-algebra and c £ B satisfies 

||c*c- 1|| < 2(71- 1)(5, ||cc* - 1|| < 2(n- 1)(5, and ||c" - 1|1 < 2(71 - 1)5, 

then there is a unitary v £ B such that = 1 and \\v — c|| < ^e. 

Use the strict Rokhlin property to find mutually orthogonal projections /o, /i, . . . , / 
A such that J2^Zo fj ~ 1' ^''^'^^ that Wa'^ifj) — fj+k\\ < (5 for < j. A: < n — 1 (with 
the subscripts taken cyclically), and such that ||[ej, a]|| < (5 for < j < ?i — 1 and 
a £ F. Then choose a unitary u £ A such that whenever 

& e {/o, /i, . . . , /„_i} U {fjafj : < j < n - 1 and a e F}, 

we have \\ubu* — a{b)\\ < 5. 

Set Wk = fk+iufk for < fc < n — 2, and set 

Wn~l = .foU*flU*f2 ■ ■ ■ fn-2U*fn-l- 

Then set w = J^^Zo ^k- 

We estimate \\w*w — 1|| and \\ww* — 1||. First, observe that for < /c < n — 2 we 
have 

\\wlwk - /fell < \\u*fk+iu - fk\\ = ll/fc+1 - ufku*\\ 

< Wujku* - a{fk)\\ + \\a[fk) - /fe+ill < 25 

and similarly — /fc+i|| < 25. By downwards induction on k, we also get 

\\{fkU*Jk+l ■ ■ ■ f,i-2U* fn-l){fkU* fk+l ■ ■ ■ .fn-2U* fn-lT - fk\\ < 2(n - k - 1)5, 

SO that ||u;„_iw*_i - /o|| < 2{n - 1)5. Similarly, ||u;*_i-u;„_i - /„_i|| < 2(n - 1)5. 
Since the fk are orthogonal, we thus get 

||u;u;*-l||< max \\wlwk - fk\\ < 2{n - 1)5. 

0<k<n—l 

Similarly, \\w*w - 1|| < 2(n - 1)5. 

Now we estimate — 1||. Since the are orthogonal, we have 

Ik" -111 

= max \\wk^iWk-2---waWn^i---Wk- fk\\ 

= max II [fkUfk-l ■ ■ ■ flufoU*fi ■ ■ ■ fn-2U* fn-lUfn-2 ' ' ' fk+iufk] - fk\\- 
0<fc<n— 1 

Using the inequalities 

\\ufku* - < \\ufku* -a{U)\\ + \\a{fo)- fk+i\\<25 

for < fc < n — 1 (indices taken cyclically), and similarly \\u* fku — fk-i\\ < 25, one 
gets by induction 

\\fkUfk-l ■ ■ ■ flufQU*fi ■ ■ ■ fn^2U* fn-lufn-2 ' ' ' fk+iufk ~ fk\\ < 2{n - 1)5 

for all k. So \\w" — 1|| < 2{n — 1)5. Thus, by the choice of 5, there exists a unitary 
V £ A such that \\v — w\\ < and — 1. 
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We next estimate Ijwaw* — Q:(a)|| for a £ F. Set b — Xlfe=o /fe'^/fe ^ = 
T,k=o fkOi{a)fk- Then 

71—1 n—1 

fe=0 jjik k=0 j^k 

Similarly, recalling that F is a-invariant, \\a{a) — c\\ < n{n — 1)S. For < < n — 2, 
we have 

\\wkfkafkwl - fk+ia{a)fk+i\\ 

< \\fk+iufkafku*fk+i - fk+ia{fkafk)fk+i\\ + 2||a(/fe) - /fe+i|| < 35. 

For fc = n — 1, we have to estimate 

||«;„_i/„_ia/„_iu;*_i ~ foa{a)fo\\ 

< \\fn-iafn-i - W^-lfoOi{a)foWn-l\\ + 2||w„_iu;*_i -/o||. 

The last term was shown above to be less than 4(n — 1)6. For the first term, we 
claim that 

\\ifkufk-i ■ ■ •/iu/o)a(a)(/fe?i/fe_i ■ • ■ fiufa)* - fka'^^'^ (a) fk\\ < SkS, 

and we prove this by induction on k. For /c = is it trivial, ff it is true for k, then 
the estimate 

\\fk+iufka''+\a)fku*fk+i - /fe+ia'=+2(a)/fe+i|| 

< 2||/fc+i - a{fk)\\ + \\ufka''+\a)fku* - a{fka''+\a)fk)\\ < 36. 

This implies that it is true for A; + 1, completing the induction. Since a" = id^, we 
get 

||w„_i/„_ia/„_iw*_i - /oQ!(a)/o|| < [3(n - 1) + 4(n - 

By orthogonality of the summands, Hw^w* — c|| < 7{n — 1)6, so Hwaw* — a{a)\\ < 
(2n + 7)n6. It follows that 

\\vav* - a{a)\\ < |e + (2n + 7)n6 < e. 

This completes the proof of Step 1. 

Step 2: We prove the conclusion. Let F C A he finite, and let £ > 0. For the 
same reasons as in Step 1, we may choose 6 > with 

^ - 3(2n2 + 2n + 3) ' 

and also so small that whenever i? is a unital C*-algebra and c € B satisfies 

||c*c- 1|| < (2/1^ +n),5, \\cc* - 1\\ < {2n^ + n)6, and ||c" - 1|| < (2n2 + n)5, 

then there is a unitary v € B such that u" = 1 and \\v — c|| < 

Apply the result of Step 1 with F as given and with 6 in place of s, obtain- 
ing a unitary u. Apply the strict Rokhlin property with Ufe=o'^'' (-^ U {u}) in 
place of F and with 6 in place of e, obtaining mutually orthogonal projections 

/o, fi, ■ ■ ■ , fn-i e A. 

Set Wk = fkOi''{u)fk for < A; < n — 1, and set w = X^^Zq Wfe. We have 

\\wkwl-fk\\<\\[a'^iu),fk]\\<6, 
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and similarly Ww^Wk — fk\\ < 6. Using orthogonality of the fk, we then get 

Www* - 1|| = max \\wkwl - < S, 

0<k<n—l 

and similarly Hu'^u? — 1|| < S. Moreover, 

IK-/fe||<(n-l)||[a'=H, M||<(n-1)<5, 
so, using orthogonality again, ||w" — 1|| < (n — 1)6. 

Now define yk — a'^(/ow/o) for < k < n — 1, and set y = X]fe=o Vk- Then 
hk - WkW < 2\\fk - a'^i.MW < 26, so ||y ~ w\\ < 2n6. Therefore 

\\y*y - 111 < \\w*w ~l\\+2\\y- w\\ < (2n + 1)6, 

and similarly \\yy* - 1|| < {2n + 1)6 and ||?/" - 1|| < [n ■ 2n + {n - l)]6. We have 
<^{y) = y because a" — id^- Apply the choice of 6 with the fixed point algebra A°' 
in place of B, obtaining an a-invariant unitary v d A such that \\v — y\\ < and 
z;" = 1. Then ||?; - w;|| < |e + 2ti6. 

It remains to estimate ||waw* — Q!(a)|| for a ^ F. Set b = X)fe=o fkO-fk and c = 
X]fc=o IkOt{a)fk. As in the proof of Step 1, we have ||a — 6|| < n{n — 1)6 and 
||Q!(a) - c|| < n{n - 1)6. Also, 

\\wkfkafkW*k - fka{a)fk\\ = \\fka''{u)fka,fka''{u)*fk ~ /fca(a)/fe|| 

= \\fka''{ua-''{a)u*)fk ~ fka{a)fk\\ + 2|| A] II 

< \\ua-''{a)u* -a-''+\a)\\+2\\[a''{u),fk]\\<36. 

Using orthogonality of the /fc, we then get ||w&w*— c|| < 3(5, whence ||waw*— a(a)|| < 
[2n{n - 1) + 3]6. Therefore 

\\vav* ~ a{a)\\ < 2 (ie + 2n6) + [2n{n - 1) + 3]6 < e. 

as was to be proved. I 

We now define a strongly tracially approximately inner automorphism. We call 
the condition "strong tracial approximate inncrness" because there is a different 
condition. Definition 15.11 which is more appropriately called tracial approximate 
innerness. In particular, it is unlikely to be true that the product of two automor- 
phisms which are strongly tracially approximately inner as defined here is again 
strongly tracially approximately inner. We have not been able to prove the re- 
sults of this section with tracial approximate innerness in place of strong tracial 
approximate innerness. However, the tracially approximately inner automorphisms 
form a group (Theorem 15. 8|) . and, moreover, if A is an infinite dimensional simple 
separable unital C*-algebra with tracial rank zero, then a tracially approximately 
inner automorphism of finite order is necessarily strongly tracially approximately 
inner (combine Proposition |^21 and Theorem 16.6(1 . 

Definition 4.2. Let A be an infinite dimensional simple separable unital C*- 
algebra and let a e Aut(A). We say that a is strongly tracially approximately 
inner if for every finite set F G A, every e > 0, and every positive element x ^ A 
with ||a;|| = 1, there exist a projection e G A and a unitary v G eAe such that: 

(1) \\a{e)-e\\<e. 

(2) Ilea - ae\\ < e for all a € F. 

(3) ||weaeu* — Q;(eae)|| < e for all a ^ F. 

(4) 1 — e is Murray-von Neumann equivalent to a projection in xAx. 
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(5) llexell > 1 - £. 

Our original definition, in 22 , had a condition like that in Remark II .31 in place 
of®. 

As in Definition 11.21 we allow e = 1, in which case conditions and Q are 
vacuous. 

Remark 4.3. Let A be an infinite dimensional simple separable unital C*-algebra 
and let a e Ant{A). If a is approximately inner then a is strongly tracially approx- 
imately inner. If a is strongly tracially approximately inner and A does not have 
Property (SP), then a is approximately inner. 

Example 2.9 of i24i shows that a strongly tracially approximately inner auto- 
morphism need not be approximately inner, even on a simple AF algebra. In fact, 
in Theorem lt).6l we give a condition which implies that many automorphisms which 
are not inner are nevertheless strongly tracially approximately inner. 

When A is finite, we do not need Condition Q of Definition 14. 21 

Lemma 4.4. Let A be an infinite dimensional finite simple separable unital C*- 
algebra and let a S Aut (A) . Then a is strongly tracially approximately inner if and 
only if for every finite set F C A, every e > 0, and every positive element x G A 
with 1 1 a; 1 1 = 1, there exist a projection e G A and a unitary v £ eAe such that: 

(1) ||a(e)-e|| <£. 

(2) Ilea - ae\\ < e for aU a e F. 

(3) ||weaew* — a(eae) || < e for all a ^ F. 

(4) 1 — e is Murray-von Neumann equivalent to a projection in xAx. 

Proof. The proof is the same as for Lemma [1.161 I 

We now prove the tracial analog of Proposition 14. II We separate the analog of 
Step 1 of its proof as a separate lemma. 

Lemma 4.5. Let A be an infinite dimensional simple separable unital C*-algebra 
with Property (SP), and let a G Aut(^) be strongly tracially approximately inner 
and satisfy a" = id^. Suppose a generates an action of Z„ with the tracial Rokhlin 
property. Then for every finite set F C A, every e > 0, and every positive element 
X A with ||a;|| — 1, there exist a projection e G A and a unitary v G eAe such 
that: 

(1) a(e) = e and u" — e. 

(2) Ilea - ae|| < e for aU a G i^. 

(3) \\veaev* — a(eae)|| < e for all a E F. 

(4) 1 — e is Murray-von Neumann equivalent to a projection in xAx. 

(5) llexell > 1 - e. 

Proof. Let F C A he finite, let e > 0, and let a; G A be a positive element with 
II a; 1 1 = 1. Without loss of generality ||a|| < 1 for all a G F. 
Set 

P = min(i, i) and eq = 

Choose ei > with 

El < min (^, Eo) , 
and so small that the following are all true in any C*-algebra B: 
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• Whenever ri,r2 £ B are projections, and c £ B satisfies \\c*c — ri\\ < 27ei 
and ||cc* — r2|| < 27ei, then there is v £ B such that — c|| < sq, v*v = ri, 
and vv* = r2. 

• Whenever e,q £ B are projections such that \\eq — qe\\ < ei, then there 
exists a projection r < q such that ||r — eq\\ < niin (i, j^e) . 

• Whenever eo, ei, . . . , e„_i and /o, /i, . . . , fn-i are two sets of mutually or- 
thogonal projections in B such that \\ejfj — ej\\ < 3£i for < j < n — 1, 
then there exist mutually orthogonal projections ho, hi, ... , £ B such 
that hj > Cj and \\hj — fj\\ < p for < j < ?i — 1. 

Choose £2 > so small that if rg, . . . ,r„_i are projections in a C*-algebra B 
such that < 3e2 for j ^ fc, then there is a projection z in the C*-subalgebra 

of B generated by X]j=o^ ^j' there are mutually orthogonal projections Zj £ B, 
such that Y^^Zo = and such that — < ei for < j < n — 1. We also 
require £2 < min (^,£1) • 

Choose £3 > so small that whenever B is a C*-algebra and e,q £ B are 
projections such that Heg — qe\\ < £3, then there exists a projection r < q such that 
||r — eq\\ < £2. We also require £3 < min (£2, . 

Apply Lemma 1 1.1 41 obtaining a nonzero projection q £ xAx such that: 

(1) \\rxr — r\\ < £1 for every nonzero projection r < q. 

Using Lemma |l.l()l find nonzero projections q^. qi,... ,qn-i,g £ A such that g + 
^"^g^ qj = q. Lemma l3 . 1 01 provides a nonzero projection go < g such that (go) 
qj ioi < j < n — 1. 

Set Fi — [J"Zq a^{F U {.go})- By the tracial Rokhlin property fDefinition ll.2|l . 

there exist orthogonal projections /q, /i, . . . , fn-i £ A such that, with / = X]j'=o /j ' 
we have: 

(2) With indices taken mod n, we have — /j+m|| < £3 for < j,m < 
n — I. 

(3) ll/jfl - afjW < £3 for < j < n - 1 and aU a £ Fi. 

(4) 1 — / is Murray- von Neumann equivalent to a projection in go Ago. 

(5) ll/ffo/ll > l-£3. 

For j kwe have ||/j.go/fc|| < £3, so 

En-l 

> 11/50/11 - n-in - 1)£3 > 1 - £3 - n{n - 1)63 > 1 - ^^£3. 

Therefore there is j such that ||/j5o/jli > 1 — n^£3- Since all the other conditions 
on the fj are invariant under cyclic permutation of the indices, without loss of 
generality ||/offo/o|| > 1 - "^£3- 

By the choice of £3, there are projections ri < go and r2 < /o such that ||ri — 
/o5o|| < £2 and \\r2 - /o5o|| < £2- In particular: 

(6) lln -r2|| < 2£2. 

Further, using ||/o.go-ffo./o|| < £3 < £2, we get ||ri-/o.go/o|| < 2£2. Since ||/o5o/o|| > 
1 — n^£3 and 3£2 + ?i^£3 < 1, it follows that ri ^ 0. 
Set 

F2 = Fi U {ri} U {a\h) : 1 < j. A: < n - 1}. 



^ max 1 1 /j 50 /j II = 

0<j<n— 1 
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Apply strong tracial approximate inncrncss (Definition j obtaining a projection 
po A and a partial isomctry w G A such that: 

(7) w*w — p and ww* = a{p). 

(8) \\pa - ap\\ < £3 for aU a e F2. 

(9) \\wpapw* — a{pap)\\ < £3 for all a G F2. 

(10) l-p:<ri. 

(11) Ibnpll > 1-63. 

By the choice of £3, there are projections si < /o and S2 <p such that: 

(12) ||si - fap\\ < £2 and ||s2 - /op|| < £2- 
Then also: 

(13) ||si-/op/o|| <£2. 

(14) \\S2-Php\\ < £2- 

(15) -S2II < 2£2. 

For 0<j<A:<n— 1, we have, using H13|l at the third step, fofk-j = at the 
fourth step, and |2l and £3 < £2 at the last step, 

\\a^s,)a'^is^)\\ = \\s,a'^-^is^)\\ 

< \\foPfoa''-Hfo)a''~'{p)a''-^{fo)\\ + 2\\s, - fopfoW 

< Wfoa'-'iMl + 2£2 < ll/o - a'-^.fo)\\ + 2e2 < 3£2. 

By the choice of £2, there are projections eo, ei, . . . , e„_i G A such that the sum 
e — X]j=o ^3 '-"^ ^^"^ C*-algebra generated by X]j=o '^"' (■^i) (a-nd, in particular, is 
a-invariant), and such that: 

(16) \\ej - a^{si)\\ < £1 for < j < n - 1. 
We then get: 

(17) ||a™(ej) — ej-|_,„|| < 2£i, with indices taken mod n, for < j, fc < rt — 1. 
Define Cj = ejj^ia^ {'w)ej for < j < n ~ 2. (We can't use ej+iwcj, imitating 

the proof of Step 1 of ProDOsition l4.1l because we don't know Cj and Cj+i are even 
approximately dominated by p and a{p).) We claim that 

\\c*Cj - CjW < 27£i and \\cjC* - e^+iH < 27£i 

for < j < n — 2. We start by observing that lfTH|l . (fT^ . and l(Tl|l imply 

||eo -pfoPW < \\eo - Sill + pi - S2II + ||s2 - pfoP\\ < £1 + 2£2 + £2 < 4£i. 
So lO implies 

Wwcqw* - a{eo)\\ < Sei + \\wpfopw* - a{pfop)\\ < 8ei + £3 < 9£i. 
Combining this with ||a(eo) — ei|| < 2£i (from H17|l l. we get: 

(18) \\weow* -eill < ll£i. 

Therefore also ||eii«*eoi«ei — ei|| < ll£i. Furthermore, using w*w = p at the first 
step, S2 < p at the second step, and H15|l and (|16|l at the third step, 

||w*eiw - eoll < ||w*|| • ||ei - weow*\\ ■ \\w\\ + \\peop - eo|| 

< ||ei - weow*\\ + 2{\\s2 -si\\ + \\si - eo||) 

< ll£i + 4£2 + 2£i < 17£i. 

So \\eow*eiweo — eo|| < 17£i. This does the case j = of the claim, with 17£i in 
place of 27£i. For the general case, use (fT7|l and the definition of cj to get: 
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(19) ||c, -a-''(co)|| <4ei. 
Use this and lfT7|l again to get 

\\c*Cj - e^ll < lOei + \\cqCo - cqW < 27ei 

and, similarly, \\cjC* — ej+i\\ < 27ei. This proves the claim. 

By the choice of ei, there are partial isometrics vj G B such that: 

(20) \\vj — CjW < Eq, v*Vj = Cj, and VjV* = e^+i for < j < n — 2. 

Define v = VqvI ■ ■ ■ w*_2 + X]j=o ^j - Then it is easily checked that d is a unitary in 
eAe which satisfies = 1. 

We now have e and v, and Part of the conclusion has been verified. 

For Part (01, if a G F and < j < 7i - 1, then a^^ {a} G Fi C F2, so, using (fTTji . 
(P|l . jnj, (©, and ©, 

llcj-a - acjll < 2\\ej - a-'(eo)|| + ||eoa"^(a) - a"-'(a)eo|| 
<2||e,-aJ'(eo)||+2||eo-si|| 

+ 2||si - fop\\ + \\pa- ap\\ + \\foa - afo\\ 
< 4ei + 2ei + 2e2 + £3 + £3 < lOei. 

Since e — X^jLo ^i' follows that \\ea — ae\\ < lOnei < e. This is Part (O of the 
conclusion. The relation ||eja — aej\\ < lOei furthermore implies that: 

(21) eae ~ J2^Zo ^j^^j < 10n(n — l)£i. 

To start ©, we estimate WvjejaejV* — Q;(ejaej) || for a E F and < j < n — 2. 
We begin with j and a G UjJo ""^ (-F") C -F2- Use (dnj, (CSl), and S2 < p to get 

||eop-eo|| < 2||eo-si|| +2||si -S2II < 2ei + 4e2 < 6ei, 

and then use w*w = p and H18|) to get 

||eiw - weoll < ||ei - weow*\\ ■ \\w\\ + \\eop - eo|| < llei + 6ei = 17ei. 

Next, use the definition of cq in the first step and H17|l and ^ in the last step to 
get 

WcoeoacQCQ - Q;(eoaeo)|| < 4||eo - eQp\\ + \\eiweQpapeQW* ei - a{eopapeo)\\ 

< 4||eo - eopll + 2||eiweo - weo|| 

+ 2||a(eo) - eill + \\ei[wpapw* - a{pap)]ei\\ 

< 24£i + 34£i + 4ei + £3 < 63£i. 

Using H20() and £1 < £0, we get ||i;oeoaeofg — Q;(eoaeo)|| < 65£o. 
Now, for a G F and < j < n ~ 2, combine 

||coeoa"^(a)eoCo - a(eoa"^(a)eo)|| < 63£i 

with lO and UHl to get 

WcjCjaejC* — a{ejaej)\\ < 63£i + 2\\cj — a-'(co)|| + 4||ej — a^(eo)|| < 79£i. 

Using and £1 < £0, we then get 

(22) WvjCjaejV* - a{ejaej)\\ < SIeq for < j < n - 2 and a G U?=o a^ (^)- 
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Set 

Vk = a^^^ {vQ)a^^'^ (vq) ■ ■■a{vo)vo. 
An induction argument gives ||a'^(eoaeo) — ykSoO'^oVkW < Slfcep for fc > and 
a e UjCo ct^iF). The inequalities (UU and ^ give \\a^ {vo)~Vj\\ < Aei+2ea < Geq. 
Therefore, with z = VqvI ■ ■ • v^_2, we get 

\\a"~^{eoaeo) — z*eoaeoz\\ < 81(71 — l)eo + 6(n — l)eo — 87{n — l)eo- 
Putting a(a) in place of a, using a" — id^i, and rearranging, we get 

||za"-^(eo)aa"-i(eo)z* - a{a''-\eo)aa'''\eo))\\ < 87{n - l)eo. 
From (|17|l and £1 < Eqj it follows that 

||ze„_iae„_iz* - a(e„_iae„_i) I| < [87{n - 1) + 8]eo. 
Using the definition of v and H22|l . we now get 

^ (E"^o ''^■"''^) ' 



< 81(n-l)£o+[87(n-l)+8]eo < 168neo- 



3=0 

From (|21|l it now follows that 

\\veaev* — Q!(eae)|| < 168n£o + 20n(n — < 168n^eo < £. 

This completes the proof of Part of the conclusion. 

For Part Q, begin by using Q, and si/o = si to estimate 

lie,/, - e,|| < 2||e, - a-'"(si)|| + ||/, - a^(/o)|| < 2ei + £3 < Ssi. 

The conditions on £1 provide mutually orthogonal projections hj > ej such that 

W^j ~ fjW ^ P- /i = J2]=o ^j- Then 1 — e = 1 — h + J2]=oi^j ~ ^i)- Since 
\\h — /II < 71/9 < 1, it follows (using at the second step) that 

l-h^l- f :<go<g. 

The next step is to show that /iq — eg ;^ 1 — p. We have, using 112|) , 115|l , , 
and S2 < p Sit the third step, 

11(1 -p){hQ - eo) - {ho - eo)|| = \\pho - peoW 

<\\ho- /oil + \\p.fo-ps2\\ + \\s2- Sill + ||si - eoll 

< P + £2 + 2£2 + £1 < 1. 

So /iQ ~ eo 1 — p by Lemma 2.5.2 of |16| . 

Next, using for < j < 71 — 1 we have 

\\h,-a^{ho)\\ < \\h,-f,\\ + \\ho-fo\\ + \\fj-c.'{fo)\\<P + P + e3, 
and so, using lfT7|l and £3 < £1, 

\\{hj - ej) - {ho - eo)\\ <2p + 3ei < 1. 
Thus, using (|10|) at the third step, 

hj - Cj ~ a^{ho - eo) ;:j (1 - p) a^(ri) < a^(go) ;i ^j- 
We conclude that 

n—l n— 1 

1 — e = l — h + (ft,j — ej ) ;^ .g + <Zj < <Z £ a:y4a:. 
This proves Part 
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It remains to prove Part lO of the conclusion. Combine (|12|l and H16|l to get 

||eo — fop\\ < 62 + si < 2ei. Use © at the second and third steps, r2 < /o at the 
second step, and at the fourth step, to get 

||eofieo|| > |b/ofi/op|| - 4ei > \\pr2p\\ - 2e2 - 4£i > \\prip\\ - 4e2 - 4ei 
> 1 - £3 - 4£2 - 4ei > 1 - 9ei. 

Since 1 — 9ei > |, we get in particular ||eori|| > i. 

Next, we estimate ||eori — rieo||. We have ||pri — rip|| < £3 by (jHJ, and ll/o^i — 
fifoW < 2||ri — r2\\ < 4£2 by © and because r2 < /q. So 

lleori - rieoll < 2||eo - fop\\ + Wfon - ri/o|| + \\pri - rip\\ < 4£i + 4£2 + £3 < 9£i. 

It follows from the choice of £1 that there is a projection r < eo such that ||r — 
eorill < min (i, -j^e) . Since ||eori|| > i, we have r ^ 0. 

Now use r < eo < e at the first step, and ri < ga < q and JQ) at the third step, 
to get 

llexell > ||ra;r|| > ||eoria;rieo|| - i£ > ||eorieoI| -£i - i£ > l-9£i-£i-i£ > l-£. 
This completes the proof. I 

Theorem 4.6. Let A be an infinite dimensional simple separable unital C*-algebra 
and let a G Aut(^) be strongly tracially approximately inner and satisfy a" — iAa- 
Suppose a generates an action of Z„ with the tracial Rokhlin property. Then this 
action is tracially approximately representablc in the sense of Definition 13.21 

Proof. If A does not have Property (SP), then a is approximately inner (by Re- 
mark 14.3(1 and the action of Z„ it generates has the strict Rokhlin property (by 
Lemma Fx. 13|l . so the result is Proposition 14. II Accordingly, we assume that A has 
Property (SP). Let F C A be finite, let £ > 0, and let a; € ^ be a positive element 
with ||a;|| = 1. 

Choose £1 > with 



and also (using semiprojectivity of C", as at the beginning of the proof of Propo- 
sition so small that whenever B is a unital C*-algebra and c € B satisfies 

||c*c- 1|| < 2(?i- l)£i, ||cc* - 1|| < 2(?i - l)£i, and ||c" - 1|| < 2(71 - l)£i, 

then there is a unitary v E B such that — 1 and Hi' — c|| < £/(3n). Choose £2 > 
with £2 < ^£1, and also so small that whenever B is a unital C*-algebra, C C B is 
a subalgebra, p € B is a. projection, and b G C satisfies ||& — p|| < 3n^£2, then there 
is a projection q E C and a unitary z € B such that zpz* ~ q and \\z — 1|| < ^£1. 
Choose £3 > with £3 < min(i,£2) , and also so small that whenever B is a 
unital C*-algebra, fo, /i, . . . , fn-i G B are mutually orthogonal projections, and 
e G i? is a projection such that ||[/j,e]|| < £3 for < j < n — 1, then there exist 
mutually orthogonal projections go, 51, • ■ • , <?n-i < e such that \\gj — fje\\ < £2 for 
< j < n - 1. 

By considering polynomial approximations to the continuous functional calculus, 
choose 6 > with S < ^e, and also so small that whenever _B is a unital C*-algebra, 
X E B satisfies < a; < 1, and q G i? is a projection such that [[[x, g]|| < 6, then 
II [x^/^, g]|| < ^e. Apply Lemma Fl. 141 to find a nonzero projection qo G xAx such 
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that whenever q < qo is a nonzero projection, then \\qxq — q\\ < 6 and ||[a;,(7]|| < 6. 
Use Lemma fl.lHI to choose orthogonal nonzero projections (72 < <?■ 

Apply Lemma with lJfe=o in place of F, with £3 in place of e, and with 

qi in place of x. Call the resulting projection e, and let u S eAe be the resulting 
unitary. 

Set A = ||e(7ie|| > 1 — £3, and set b = X~^eqie. Thus \\b — eqie\\ = — 1 < 2£3. 
Apply Lemma ll.l4l to find a nonzero projection r G eqieAeqie such that whenever 
p < r is a nonzero projection, then \\pbp\\ > 1 — £3, — p|| < £3, and — < 
£3. By Lemma 11.91 we may require r ^ q2. It follows that, for such p, we have 
||pegiep|| > 1 - 3£3 and \\peqiep - p\\ < £3. 

Apply the tracial Rokhlin property with {e} U lJl-=o '^''{^ U {■"}) i^i place of _F, 
with £3 in place of £, and with r in place of x. Let /o, /i, . . . , fn-i be the resulting 
projections, and set / = Ylk=o fk- 

Since || [/fc, e] || < £3 for < fc < n— 1, there exist mutually orthogonal projections 
go, 51- ■ ■ • - < e such that H^fc - fke\\ < £2 for < fc < n - 1. Set g = J2k=Q 9k- 
We have 

\Wi9k) - 9k+i\\ < 2£2 + \\aifk) - fk+i\\ < 3£2, 

so that \\a{g)-g\\ < 3n£2 and < 3fcn£2 < 3n2e2. With6= ^ Efel^o "''(s), 

we thus get ||6 — 5II < 3n^£2, so the choice of £2 provides an a-invariant projection 
h € eAe and a unitary z G A such that zgz* = h and ||z — 1|| < ^ei. Set = zg^z* 
for < fc < n - 1. Then \\hk - gk\\ < fsi, so 

\\hk ~ /fce|| < §£1 +£2 < fei. 

Since a(e) = e, we get 

\\a{hu)-hu+x\\ < \\hk-fke\\ + \\hk+i-fk+ie\\ + \Hfk)~fk+i\\<2{lei)+e3<ei 

for < fc < n - 1, 

\\[h„a''{u)]\\ < 2\\hk fke\\ + < 2 (§£1) +£3 < £1 

for < fc < n — 1, and 

\\[h„a''{a)]\\ < 2\\hk - fke\\ + || [/„ || + \\[e,a''{a)]\\ < 2 (§£1) + 2£3 < £1 

for a G F and < fc < n - 1 . 

We now follow Step 2 of the proof of Proposition 14. II Set Wk = hkCt^ {u)hk for 
< fc < n — 1, and set w = X]fc=o ^fc- "^^^ same estimates as there give 

- /i|| < £1, - /i|| < £1, and - < (n - l)£i. 

As there, y — ^^Zq [hQuho) e hA"h satisfies \\y — w\\ < 2n£i, so there is a 
unitary v G hA'^h such that = h and \\v — w\\ < 2n6 + e/{3n). Moreover, also 
using the same reasoning as there, we have \\vhahv* — a(hah)\\ < e/n for a £ F. 
Setting Vk = for < fc < n — 1, and iterating the last estimate as required, we 
now have Conditions (0), and I0J of Definition 13.21 
For Condition Q, we estimate 

n-l 

\\[h,a]\\ < \\hk,a]\\ < nei < e. 

k=0 
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For Condition (0), we have 1 — e ;^ qi by the choice of e. Also, 

n-l 

11(1 - /)(e ~h)~ (e - Mil - - /^)|| < \\fe -h\\<Y, \\hk - he\\ < |n£i < 1. 

fe=i 

It follows from Lemma 2.5.2 of JH| and the choice of / that e — — / ;:jr;^(72• 
So 1 — /i ;:j qi + (72 G xAx, as desired. 

It remains only to prove Condition jnj. We observed in the previous paragraph 
that ll/e — h\\ < |nei < ^nei. The choice of r imphes Hregie — r\\ < 2^3 and 
\\eqier — r|| < 2^3. Therefore 

> WfeqiefW - nei = ||gie/e9i|| -nei > ||rgie/egir|| -nei 

> \\rfr\\ - 4:63 - nei = \\frf\\ - ies - nei > 1 - Sss - nsi > 1 - ^e. 

So 

\\hxh\\ = ||a;i/2/j^i/2|| > ||g^a;i/2/ja.i/2^^|| ^ \\hx^/2q,x^/^h\\ 

> \\hqixqih\\~2\\[x^/^,qi]\\ > \\hqih\\ - \\qixqi - qi\\ - 2\\[x^^^ , qi]\\ 
>{l-le)~S-2{^e)>l-e, 

as desired. I 

We finish this section by giving one way in which the three main results so far 
can be combined. This theorem is what is really needed for the classification of 
higher dimensional noncommutative toruses |28j . We first collect some information 
from 

Proposition 4.7. Let A be a C*-algebra, let G be a compact group, and let a : G ^ 
Aut(A) be a continuous action of G on A. Suppose C*{G,A,a) is simple. Then 
the fixed point algebra A" is simple, is isomorphic to a full hereditary subalgebra 
of C*{G, A, a), and is strongly Morita equivalent to C*{G, A, a). 

Proof. See the Proposition, Corollary, and proof of the Corollary in 26 . I 

Theorem 4.8. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a G Aut(A) be a strongly tracially approximately inner automorphism which 
satisfies a" = id^. Suppose a generates an action of Z„ with the tracial Rokhlin 
property. Then A has tracial rank zero if and only if the fixed point algebra A" 
has tracial rank zero. 

Proof. Assume that A has tracial rank zero. TheoremEHimplies that C*(Z„, A, a) 
has tracial rank zero. CoroUarv l 1 . 61 implies that C*(Z„, A, a) is simple. It therefore 
follows from Proposition 14.71 that A" is isomorphic to a hereditary subalgebra in 
C*{'Zn,A,a). So Theorem 3.12(1) of 14 implies that A" has tracial rank zero. 

Now assume that A" has tracial rank zero. By the reverse of the reason- 
ing in the first part of the proof, C*(Z„,^, a) has tracial rank zero. It follows 
from Theorem 14.61 that the action of Z„ on A is tracially approximately repre- 
sentable, and then from Theorem 13.111 that its dual action, which by abuse of 
notation we call a, has the tracial Rokhlin property. So Theorem 12.61 implies that 
C*(Z„, C*(Z„, A, a), S) = M„ (g) A has tracial rank zero. Then Theorem 3.12(1) 
of implies that A has tracial rank zero. I 



THE TRACIAL ROKHLIN PROPERTY 



35 



5. Tracially approximately inner automorphisms 

III this section, we introduce tracially approximately inner automorphisms, and 
we prove that they form a group fTheorem I5.8|l . (We do not know whether the 
composition of two strongly tracially approximately inner automorphisms is again 
strongly tracially approximately inner; in fact, we suspect that this is false.) The 
following definition is an improvement over, and uses a weaker condition than, the 
definition of tracial approximate innerness given in '22] . Again, we do not know, and 
suspect that it is not true, that the tracially approximately inner automorphisms 
as defined in [22 form a group. 

Definition 5.1. Let A be an infinite dimensional simple separable unital C*- 
algebra and let a e Aut(A). We say that a is tracially approximately inner if 
for every finite set F G A, every e > 0, and every positive element x € A with 
||a;|| — 1, there exist pi,p2,v e A such that: 

(1) pi and p2 are projections, v*v = pi, and vv* = a{p2)- 

(2) llpia — apill < e and \\p2a — ap2\\ < e for all a £ F. 

(3) \\vpiapiv* — a{p2ap2)\\ < £ for all a £ F. 

(4) 1 — pi and I ~ P2 are Murray-von Neumann equivalent to projections in 
xAx. 

(5) > f — £ and ||p2a;p2|| > 1 — £. 

Lemma 5.2. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a G Aut(A). If a is approximately inner, then a is tracially approximately 
inner. If a is tracially approximately inner and A does not have Property (SP), 
then a is approximately inner. 

Proof. The first statement is obvious. For the second, applying the definition with 
an element x such that xAx has no nontrivial projections, one forces pi = P2 = 1, 
so that V is unitary. I 

Lemma 5.3. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a £ Aut(A). If a is strongly tracially approximately inner fDefinition l4.2|l . 
then a is tracially approximately inner. 

Proof. This is obvious. I 

Lemma 5.4. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a 6 Aut(A). Suppose that A is finite. Then a is tracially approximately 
inner if and only if a satisfies the conditions of Definition 15.11 without Part . 

Proof. Let e > 0, let F C v4 be finite, and let x £ A be positive with ||a;|| = 1. 
Apply Lemma ll.151 obtaining a projection q. Apply the hypotheses, with e and F 
as given, and with q in place of x. Then the relations 1 — pi ^ q and 1 ~ P2 ^ q 
imply llpixpill > 1 — e and ||p2a;p2|| > 1 — e. I 

Lemma 5.5. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a G Aut(A). Then a is tracially approximately inner if and only if for every 
finite F G A., every e > 0, and any three nonzero positive elements xo,xi,X2 G A 
with llxill — \\x2\\ = 1, there are pi,p2,v G A such that Conditions and © 

of Definition hold, and, in addition, 

(4') 1 — pi and I ~ P2 are Murray-von Neumann equivalent to projections in 

XqAxo- 
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(5') ||pia;ipi|| > 1 - e and ||p2a;2P2|| > 1 - e. 

Proof. It is trivial that the condition of the lemma implies tracial approximate 
imierness. For the reverse direction, if A does not have Property (SP), then a is 
approximately inner by Lemma 15.21 and the condition of the lemma is immediate. 
Accordingly, assume that A has Property (SP), let F C ^ be finite, let e > 0, and 
let xq,xi,X2 G ^ be nonzero positive elements with ||a;i|| — \\x2\\ — 1- 

Set 5 = jE. Use Lemma 11.141 to choose nonzero projections qi G xiAxi and 
q2 G X2AX2 such that, whenever e < qj is a nonzero projection, then Ijexje — e|| < S. 
Use Lemma 11.91 to find a nonzero projection e G xqAxq and partial isometrics 
wi,W2 ^ A such that 

— W2W2 = e, wiwl < qi, and W2W2 < 92- 

Apply Definition lS.ll with _FU{wi, wj, W2, ^2} place of F, with S in place of e, and 
with e in place of x, obtaining pi, p2, and u. It is immediate that Conditions l|T]l. 
(O, and (PI of Definition 15.11 and Condition (4') of the present lemma hold. It 
remains to prove Condition (5'). 
Using 

\\{wiwl)xi{wiwl) ~ wiwlW < S, wlwiwl=wl, and (wlwi)'^ — e, 
we get llui^xiuii — e|| < S. Therefore 

lbia;ipi|| > \\wIpiXiPiWi\\ > \\piwlxiWipi\\ - \\[pi,wi]\\ - |l[pi,w*][| 
> \\piepi\\-S~ \\[Pi,wi]\\ ~ \\[pi,wl]\\ > I - AS = 1 - e. 
The same reasoning gives ||p2a^2?32|| > 1 — £. I 

For the proof of the next result, it is convenient to observe that the relations in 
the definition of tracial approximate innerness need only hold approximately. 

Lemma 5.6. Let A be an infinite dimensional simple separable unital C*-algebra, 
and let a G Aut(A). Suppose that for every e > 0, every finite F C A, and any 
three nonzero positive elements xo,xi,X2 G A with ||a;i|| = 1 1 2^211 = 1, there are 
ei, 62, y G A such that: 

(1) lleill, 116211, ||yl|<l. 

(2) lie? - eill, ||e^ - ei||, ||6i - 62II, ||e^ - 62II, \\y*y ~ 6i||, and \W " «(e2)|| 
are all less than e. 

(3) ||6ia — a6i|| < £ and ||62a — ae2|| < e for all a E F. 

(4) Wyeiaeiy* — a(e2a62)|| < e for all a £ F. 

(5) i ^ sp(6|ei) U sp(e262), and 1 - X[i/2, oo)(6l6i) an d 1 - X [i/2, 00) (6262) are 
Murray- von Neumann equivalent to projections in xqAxq. 

(6) lleixieill > 1 - e and ||62a;262|| > 1 - e. 
Then a is tracially approximately inner. 

Proof. Let F, e, xq, xi, X2 be as in the hypotheses of Lemma 1^31 Without loss of 
generality ||a|| < 1 for all a G F. Choose Eq > with Eq < jE and so small that 
whenever pi,P2 G A are projections, and y G A satisfies \\y*y — Pi\\ < 2eo and 
\\yy* ~ P2II < 2eoi then there is a partial isometry v £ A such that 

lk~y||<T£7 v*v=pi, and vv* = p2. 
Choose S > with S < Eq and also so small that whenever e € A satisfies ||e^— e|| < S 
and ||6* — 6|| < S, then p — X[i/2, 00) (6*6) is defined and satisfies ||6 — p|| < Eq. 
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Apply the conditions of the lemma with 6 in place of e, obtaining ei, 62, and y. Set 
Pi = X[i/2,oo)(etei) andp2 = X[i/2, 00) (6262), giving ||pi-ei|| < eo and ||p2-e2|| < 
eq. Then Hy*?/ — pi|| < S + eq < 2eo, and similarly \\yy* — a{p2)\\ < 2eo. Therefore 
there is a partial isometry v A such that 

||w — j/ll < yE, v*v = pi, and vv* — a{p2)- 

Since also 

IIpi - eill < ie, ||p2 - 62!! < ye, ||eixei|| > 1 - ^e, and ||e2a;e2 1| > 1 - ^e, 
we easily obtain the conditions of Lemma 15.51 I 

Proposition 5.7. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a, (3 ^ Aut(yl) be tracially approximately inner. Then a o /? is 
tracially approximately inner. 

Proof. If A does not have Property (SP), then a and /3 are approximately inner 
by Lemma 15.21 so a o /3 is approximately inner. Thus, we assume that A has 
Property (SP). 

We verify the hypotheses of Lemma r5.6l Let F C Ahc finite, let e > 0, and let 
xo,xi^X2 e A be nonzero positive elements with ||a;i|| = ||2;2|| = 1- Without loss of 
generality ||a|| < 1 for all a ^ F. 

Choose a nonzero projection r g xqAxq, and use Lemma ll.lUl to choose orthog- 
onal nonzero projections r^f^ , r2 < r. Then use Lemma 11.91 to choose a nonzero 
projection n < rj"'' such that ri ^ /3(rJ*'''). 

Choose S > with S < min (^e, ^) , and also so small that whenever B is a 
C*-algebra and p,q E B are projections such that < (5, then there exists 

a projection g G B which commutes with p and satisfies \\g — q\\ < i. Apply the 
condition of Lemma l5.5l to /3, with F as given, with S in place of e, with ri in place 
of xo, and with xi and X2 as given. Let qi,q2,w £ ^ be the resulting projections 
and partial isometry. 

Set 

^ = F U /3(F) U mq2aq2) : a G F} U {li;, w*,quq2, /3((Z2)}. 
Set Ai = ||gia;igi|| and A2 = ||'?2a^2'3'2||- Apply the condition of Lemma 15.51 to a, 
with E in place of F, with 6 in place of e, with r2 in place of xg, with X^^qiXiqi in 
place of xi, and with X^^ f3{q2X2q2) in place of X2- Let pi,p2, v G Ahe the resulting 
projections and partial isometry. 
Set 

ei=piqi, 62 = /3~^(p2)'?2, and y^vw. 
Condition Q of Lemma [5.61 is obvious. We have \\el — ei|| < ||[pi,(7i]|| < S < e, 
and the same estimate applies to ||e| — ei||. Also, 

\\el - 6211 < \\[r\p2), 92]|| = \\[P2,f3iq2)]\\ <6<e, 

and again the same estimate applies to jjej — e2||. Next, since v*v = pi and 'w*'w = 
qi, we get 

\\y*y - eill \\w*piw -piqiW < ||[w*,pi]|| <S <e. 
Furthermore, by the choice of pi, p2, and v, and by the definition of 62, we have 

\\yy* - (a o/3)(e2e2)|| = \\vpi(3{q2)piv* - a{p2P{q2)p2)\\ < S. 

Since 11626^-6211 < \\e*2~e2\\ + \\el~e2\\ < 2,5, we get ||yy* - (q;o/3)(62)|| < 35 < e. 
This verifies (0) of Lemma I^THl 
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For 0, for a G F we estimate 

Ilbi9i, a] II < IIpiII • Ilbi,a]|| + ||bi,a]|| • lki|| < 2<5 < e 

and 

\\[r\p2)q2, a]\\ < \\r\p2)\\ ■ \\[q2,a]\\ + \\[p2, /3(a)]|| • ||g2|| <2d<e. 
We verify Q). We have 

Wyeiaeiy* - (a o /3)(e2ae2)|| 

= \\vwpiqiapiqiw*v* - (a o f3){P~^ {p2)q2aP~^ {p2)q2)\\ 
<2\\[w,pi]\\ + \\[puqi]\\ + \\[p-\p2), q2]\\ 

+ \\vpiwqiaqiw*piv* - a{p2l3{q2aq2)p2)\\ 
< 2||[u;,pi]|| + ||[pi,gi]|| + ||[P2, /3(<72)]|| + Wwqmqiw* - P{q2aq2)\\ 

+ \\vpil3{q2aq2)piv* - a{p2f3{q2aq2)p2)\\ 
<66<e, 

as desired. 

Next, we prove (O of Lemma [5.61 We have 

\\{ele,r - elcW < 2\\el e,\\ + 2||e? - eil| < 45 < ^, 

so that i ^ sp(e5^ei), the projection /i = X[i/2, oo) (6*61) is defined, and it satisfies 
||etei-/i|| < i. So 

ll/i-eill < ||/i-ejei|| + ||e^-ei|| + ||e?-ei|| <i+5 + <5< i. 

Moreover, by the choice of S and because || [pi, gi] || < S, there is a projection gi £ A 
which commutes with pi and such that H^i — gi || < -i. It foUows that 

11(1 - /) - [(1 -pi) - gi)]l| ^ \\pm - /ill < II51 - -Zill + llei - /ill < i. 

Therefore 

i-/i^(i-Pi)+Pi(i-gi) 

;^ (1 - pi) © (1 - 51) - (1 - pi) ®{l-qi):<r2+ri<re xqAxq- 

Applying the same argument with P~^{p2) in place of pi and with q2 in place of gi, it 
follows that the projection /2 = X[i/2, 00) (6262) is defined, it satisfies ||e2e2— /2II < -g, 
and 

1 - /2 ;:j ?'2 © ;i »'2 + <r e xoAxq. 

It remains only to prove ©. Since i < Ai < 1, we have 
1 < Aj;^ < 1 + 2(1-Ai) < 1 + 25. 

Therefore 

WXi^PiqiXiqipi - piqiXiqipiW < 2S, 
so that, using ||[pi,gi]|| < 5 at the first step, 

||eixiei|| > \\piqixiqipi\\ - S > ||A];Vi9ia;igiPi|| - 35 > 1 - 45 > 1 - e. 
Similar reasoning gives 

||e2X2e2|| > ip2)q2X2q2f3~^ ip2)\\ - 5 > \\X2^P2Piq2X2q2)P2\\ - 35 > 1 - e. 

This completes the proof. I 
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Theorem 5.8. Let A be an infinite dimensional simple separable unital C*-algebra. 
Then the set of tracially approximately inner automorphisms of ^ is a group. 

Proof. Obviously id a is tracially approximately inner. In view of Proposition 15. 71 
we need only prove that if a is tracially approximately inner, then so is a^^. We 
use the condition given in Lemma 15.51 

Let F G Ahe finite, let e > 0, and let xq, xi,X2 G ^ be nonzero positive elements 
with llxill = ||a;2|| = 1. Apply the condition of Lemma [5.51 with F, e, and a;o as 
given, with X2 in place of Xi, and with xi in place of X2- Let qi,q2,w G A be 
the resulting projections and partial isometry. Then set pi ~ q2, P2 ~ 9i, and 
V — a~^{w*). These satisfy the conditions in Lemma 15.51 I 

6. Properties of tracially approximately inner automorphisms 

In this section, we prove that a tracially approximately inner automorphism is 
necessarily trivial on the tracial state space and on Kq mod infinitesimals. On 
an infinite dimensional simple separable unital C*-algebra with tracial rank zero, 
an automorphism which is trivial on Kq mod infinitesimals is necessarily tracially 
approximately inner; this is the analog of the fact that an automorphism of an 
AF algebra which is trivial on Kq is necessarily approximately inner. We also prove 
that if a tracially approximately inner automorphism of an infinite dimensional 
simple separable unital C*-algebra with tracial rank zero has finite order, then it 
is strongly tracially approximately inner in the sense of Definition 14.21 Thus, the 
results of Section ^ apply to such automorphisms. (This does not help with our 
main application of those results |28j . because we use them as part of the proof 
that the algebra involved has tracial rank zero.) 

Proposition 6.1. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a € Aut(A) be tracially approximately inner. Then t o a = t for 
every tracial state r on A. 

Proof. If a is approximately inner, the result is immediate. We may therefore 
assume that A has Property (SP). Let t be a tracial state on A, let e > 0, and let 
a G A. We prove that \T{a{a)) — r(a)| < e. Without loss of generality ||a|| = 1. 

Choose n such that ^ < ^e. By page 61 of Q], there exists a selfadjoint b e A 
such that sp(a) — [0, 1]. Choose continuous functions 

/l,/2,---,/n,gi,52,---,5n: [0,1] ^ [0,1] 

such that \\gk\\ = 1 and fkQk = 9k for 1 < fc < n, and such that the supports 
of /i, /2, ■ ■ ■ ,fn are disjoint. Then '''{fkib)) < 1, so there exists k such that 

T{fk{b)) < ^. Choose a nonzero projection qq G gk{b)Agk{b), and use Lemma fl. 91 
to find a nonzero projection q < qo such that q ;< a^^{qo). Since fk{b)qo = ^o, we 
have T(go) < r(/fc(&)) < i, so that T{q) < i and T(a(g)) < i. 

Apply Definition 15.11 with F — {a}, with in place of e, and with x = q, 
obtaining pi, p2, and v. Since ||a|| < 1, we have 

\T{a)-T{piapi)\ < t(1-pi) < ^ and \T{a{a))-T{aip2ap2))\ < T(a(l-p2)) < ^■ 
Also, 

T(vpiapiv*) — T{v*vpiapi) — T{piapi), 
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SO 



|T(a(a)) - r(a)| < \T{a{a)) - T(a(p2ap2))| 

+ ||a(p2ap2) - wpiapiu*|| + |T(piapi) - T(a)| 




This completes the proof. I 



Recall that an element of a partially ordered group G with order unit u G 
G+ \ {0} is infinitesimal if —mu < nrj < mu for all m, n G N with m > 0. See 
Definition 1.10 of where this definition is given for simple dimension groups. 
Clearly we need only consider m — 1. By Proposition 4.7 of 9 , an equivalent 
condition is that all states on {G,u) vanish on rj. 

Proposition 6.2. Let A be an infinite dimensional simple separable unital C*- 
algebra, and let a G Aut(A) be tracially approximately inner. Then a*(?7) — 77 is 
infinitesimal for every ry G Ko{A). 

Proof. If A does not have Property (SP) , then a is approximately inner by Lemma [5.2l 
so a, (77) — 77 = for every 77 G Ko{A). So assume that A has Property (SP). 

We prove that for every r] G Ko{A) we have —[Ia] < ce*{v) ~ V ^ [1a] • This 
implies the result, because replacing rj by m] gives — [l^i] < 7i[a,(7/) — 77] < [l^i]. 

Accordingly, let 77 G Kq{A), and choose tt, G N and projections p, r- G M„(A) 
such that 77 = [q] — [r] . Let x^RVj^} ^Mbe the characteristic function of 
(i,oo) . Choose e > so small that n^e < i, and also so small that whenever C 
is a C*-algebra and f,p€C are projections such that \\fp — pf\\ < n^e, then i is 
not in the spectrum of either fpf or (1 — f)p{l — /), and moreover the projections 
Po = xifpf) andpi = x((l - - /)) satisfy \\po+Pi-p\\ < ^- Use Lemmall.lUI 
to choose 2n nonzero mutually orthogonal projections gi,g2, ■ ■ ■ ,g2n S A, and use 
Lemma ll. 91 to choose a nonzero projection h < gi such that a{h) < gi. 

Apply Definition 15.11 with F = {qj.k, i~j,k' 1 < J, < n}, the set of all matrix 
entries of q and r, with e as just chosen, and with x = h. Let pi,p2, v G eAe be the 
resulting projections and partial isometry. 



We have 



n 




By the choice of e the projections 

qi = x((l ^Pi)?!! e Af„(piylpi) 



and 



ei = - 1 ® pO^CI - 1 ® Pi)) e M„((l - pi)A(l 
are defined and satisfy + ei — (/|| < i. Similarly, 

92 = x((l ®P2)'7(1 ®P2)) G M„(p2^P2) 



Pi)) 



and 




P2)) 
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We now claim that [52] = [(^((Zi)] in Ko{A). First, 

||(l®Pi)g(l®Pi)-9i|| = ||(l®Pi)[g-(9i+ei)](l«)pi)|| < i. 

Similarly, 

11(1 0^2)9(1 8) P2) -9211 < |. 

Finally, 

11(1 ® w)(l (8)pi)g(l (^pi)(l ® -y)* - (id ® a)((l (g)p2)g(l ® P2))|| 

n 

< X! lkPi9i,fcPi^'* - a(P2Qj,feP2)|| < n^e- 

Putting these estimates together gives 

(E> v)q2{l (S) v)* ~ a{qi)\\ < i + n^e + i < i. 

The claim follows. 

Repeating the argument of the last two paragraphs with r in place of we find 
projections 

ri £ MnipiApi), fi e M„((l -pi)A(l -pi)) 

and 

r2 e Mn{p2Ap2), f2 e Mn{{l - P2)A{1 - P2)) 

such that 

W = N + = N + [/2] and [r2]-[a(ri)] 

in Ko{A). 
We have 

a,{v) -V = a*m - [q] - «*(W) + W - «*([e2]) - [ei] - ^.([/a]) + [/i]. 
Since 

ei e M„((l -pi)^(l -pi)) and I - Pi :< h < gi, 

and since 

/2 eM„((l-p2)A(l-p2)) and l-a{p2):<a{h):<gi, 
in i4ro(^) we have 

[ei] + a4[f2]) < n[l - pi] + n[l - 0(^2)] < n[h] + n[a{h)] < 2n[gi] < [1a]. 
Similarly, a*([e2]) + [/i] < [1a]- Therefore 

-[1a] < -[ei] - a4[/2]) < a4r,) - < ^.(N) + [fi] < [U]- 
This completes the proof. I 

We now prove that if A has tracial rank zero, then there is a converse to Propo- 
sition We give a preliminary lemma. 

Lemma 6.3. Let A be a simple unital C*-algebra with Property (SP), with stable 
rank one, and such that the order on projections over A is determined by traces 
fPefinition I2.4|l . Let p,q G ^ be projections such that [p] — [q] is infinitesimal 
in Ko{A). Then for every nonzero positive element x d A there exist projections 
Po < p and qo < q such that po ~ go and such that p — po and q — qo are Murray- von 
Neumann equivalent to projections in xAx. 
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Proof. For every tracial state r on A, we have — T,([lyi]) < nT^,{[p] — [q]) < t*([1a]) 
for all n G N. Therefore t{p) — T{q). Since A is simple, if p G {0, 1} then q = p, 
and there is nothing to prove. Accordingly, we may assume p ^ {0, 1}. 

Lemma II.IUI gives orthogonal nonzero projections r, s € xAx. Use Lemma 11.91 
to choose nonzero projections e < p and eo such that e cq < r, and f < 1 — p 
and /o such that f ^ fa < s. Set po = p — e. For every tracial state r on A, we 
have T(q) — t{po) = T(e) > 0. Since the order on projections over A is determined 
by traces, there exists a projection qo < q such that go ^ Po- Similarly (also using 
stable rank one), there exists a projection qi > q such that p + f ^ qi- 

Clearly 

p — Po = e;^r<r + sG xAx. 

Also, 

q — qo < qi - qo ^ e + f ;< r + s e xAx. 

This completes the proof. I 

Theorem 6.4. Let A be an infinite dimensional simple separable unital C*-algebra 
with tracial rank zero. Let a G Aut(A) be an automorphism such that a* (77) — r/ is 
infinitesimal for every 77 G Kq{A). Then a is tracially approximately inner. 

Proof. Let F C A he finite, let e > 0, and let x G A be a positive element with 
||a;|| = 1. Set Eq — ^e. Choose a nonzero projection r G xAx. By Lemma [1.91 there 
exists a nonzero projection r < tq such that r — tq 0. Use Proposition 12.31 to 
choose a projection p £ A and a finite dimensional unital subalgebra E C pAp such 
that: 

(1) \\pa — ap\\ < Eq for all a E F. 

(2) For every a E F there exists b € E such that \\pap — b\\ < Eq. 

(3) l-p:<ro. 

Write E = 0™ ^ with Ei = M^^f^i) for 1 < ^ < to. Let (e^'^)i<j,fe<„(;) be a system 
of matrix units for Ei . 

Choose (Lemma 11.10(1 orthogonal nonzero equivalent projections rij < r — rQ 
for 1 < Z < TO and 1 < J < n{l). By Lemma 11.91 there exist equivalent nonzero 
projections sij < rij such that a~^{si,j) ^ rij. For 1 < Z < m use Lemma 16.31 and 
Theorem l2.5l to find projections /; < and g; < a{ef\), and vi G A, such that 

vlvi = fi, vivl ^ gi, e(\ - fi < si^i, and a(e^'^i) - ;^ s;,!. 
Define 

m n(l) m "(0 m n{l) 

1=1 j=l 1=1 j=l 1 = 1 3 = 1 

Then it is easily checked that / and g are projections, and that v*v — f and 
vv* = g. So Condition Q of Definition 15.11 holds with / in place of pi and with 
a^^{g) in place of p2- We verify conditions (O through This will verify the 
hypotheses of Lemma 15.41 completing the proof. 

For 0, let a G A and choose b E E such that \\pap ~b\\ < Eq. Then 

||a- [5+(l-p)a(l-p)]|| < ||pap-6||+2|ba-ap|| <3£o. 
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It is easily checked that / commutes with every element of E, and / commutes 
with (1 — p)a{l — p) because f < p, so \\fa — af\\ < Geo < £■ Similarly, we get 
\\a-^{g)a - aa^'^{g)\\ < e. 

For ®, let 1 < ; < rn and 1 < j, fc < n{l). Then 

vfeflfv* = 

= a{efl)vifivia{e^^l) = ga{efl)g = a (a-\g)efla-\g)j . 

Since this is true for all I, j, and k, it follows that vfbfv* — a(^a~^{g)ba^^ {g)) for 
every b € E. Now let a £ A and choose b £ E such that \\pap — b\\ < Eq. Then, 
using f < p and g < a{p), we get 

\\vfafv* - a{a-\g)aa-\g)) \\ < \\faf ~ fbf\\ + \\ga{a)g ~ ga{b)g\\ < 2eo < e, 

as desired. 

Finally, we verify Q). We have 

m n{l) m n(t) 

^-f-^-p+T.T. (4!1 - 4!U^S) ^ ^0 + E E ^ 

1=1 i=i 1=1 3=1 

and similarly 

m "(0 m 

i-a-\g) = i-p+Y,Y. (43 - 4!i""'(50ei'^) ;^ + E E ""'(«^.) ^ - 

;=i j=i 1=1 j=i 

This completes the proof of l@J, and of the theorem. I 

When the automorphism has finite order, we get strong tracial approximate 
innerness. Again, we need a lemma. 

Lemma 6.5. Let A be a simple unital C*-algebra with real rank zero, with stable 
rank one, and such that the order on projections over A is determined by traces 
fPefinition I2.4|l . Let a e Aut(A) be an automorphism such that a*: Ko{A) — > 
Ko{A) has finite order and such that a^{ri) — rj is infinitesimal for every r] G Kq{A). 
Let p £ A he SL projection. Then for every nonzero positive element x £ A there 
exists a projection po < p such that a{po) ^ po and such that p — pa is Murray-von 
Neumann equivalent to a projection in xAx. 

Proof. Without loss of generality p ^ 0. By Lemma 11.91 there is a nonzero pro- 
jection r e xAx such that r ^ p. Set e = mi^fzx{A) ^i^) > 0- Choose N £ N 
with jj: < ie. Let n be the order of a*. Use Lemma 2.3 of 19 to find projections 
/, go, 91, • ■ • , QnN e A such that 

nN 

f + '^qk = P and f ;< qo qi ■ ■ ■ r-. g„jv. 

fe=o 

For every r e T{A) and r/ e Ko{A), we have — t,([1^]) < nT^{a^,{if) ~ rj) < 
t*{[1a]) for all n G N. Therefore r, o a* — t^. Set 

nN 

r, = Y,[a''{q,)]. 

k=l 



a(i 



Vie 



(0 



(0 



,lJl^l,k 



(0 * 



/ (0 



44 



N. CHRISTOPHER PHILLIPS 



Then a* (77) — 77 and t*(?7) — nNT{qi) < t{p). (We get strict inequality because 
/ + 90 7^ 0.) Since the order on projections is determined by traces, there exists 
a projection po < p such that [pq] ~ r\. Moreover, since A has stable rank one, 

For every r e ^(yl), we have 

{nN + l)T(gi) < r(p) < 1 and r(/) + r((7o) < 2t(9i). 

So 

2 

-r(p - Po) = r(/) + T(go) < ^ < e < T(r). 

It follows that p — Po ;i i 

Theorem 6.6. Let A be an infinite dimensional simple separable unital C*-algebra 
with tracial rank zero. Let a G Aut(A) be an automorphism of finite order such 
that a* (77) — 7] is infinitesimal for every 77 e iiTol^)- Then a is strongly tracially 
approximately inner. 

Proof. The proof is similar to that of Theorem 16.41 Let F C Ahe finite, let e > 0, 
and let X G A be a positive element with = 1. Let eq, r, tq, p, and E = Ei 

with El ^ Mn(i) and matrix units {e'j\)i<j_k<n(i) be as there, and further let rij 
and s; J- be as there. For 1 < Z < 777 use Lemma 16.51 and Theorem 12.51 to find 
projections /; < ef^i and partial isometrics vi G A, such that 

Vivi = fi, viv'i ^ a{fi), and efj -//;:< s;,i. 

Define 

m n(l) m n(l) 

Then it is easily checked that / is a projection, and that v*v ~ f and vv* — a{f). 
So Condition of Definition 14. 21 holds with / in place of e. The rest of the proof 
is essentially the same as the rest of the proof of Theorem 16. 41 using Lemma [4. 41 in 
place of Lemma 15.41 I 

In Theorem 16.61 the hypothesis that a have finite order may be replaced by 
the assumption that a* : Kq{A) Ko{A) have finite order, or by the assumption 
that the fixed points of a* on Kq (A) have dense image in the real affine functions 
on T{A). One might hope to weaken it to the requirement that for every nonzero 
positive element x £ A, there be a nonzero projection p G xAx such that = 
[p]. We do not know if this is possible. 
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